
 

1�Ù!�ÅCþ

§2.1 lÑ.�ÅCþ

�!A�~��©Ù�

òz�: PpX “ cq “ 1.

Ëã|©Ù:

PpX “ 1q “ p, PpX “ 0q “ 1´ p.

��(Binomial)©Ù, X „ Bpn, pq:

PpX “ kq “ bpn, p; kq :“ Cknp
kp1´ pqn´k, k “ 0, 1, ¨ ¨ ¨ , n.

AÛ©Ù, X „ Gppq:

PpX “ kq “ p1´ pqk´1p, k “ 1, 2, ¨ ¨ ¨ .
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Ñt©Ù, X „ P pλq:

PpX “ kq “ ppλ; kq “
λk

k!
e´λ, k “ 0, 1, 2, ¨ ¨ ¨

§2.1 SK10. k ¨ pk “ λ ¨ pk´1, k “ 1, 2, ¨ ¨ ¨ .

~2.1.5 (��5Ô�).

[©�m½�m. b�

(1) A½�¬��âf�VÇpn “
λ

n
;

Ø���VÇ�1´ pn;

(2) ØÓ�¬´Ä��âf�¯��pÕá.

�nÑ8, npÑ λ �, bpn, p; kq Ñ ppλ; kq:

bpn, p; kq “
n!

k!pn´ kq!
pkp1´pqn´k «

nk

k!
pkp1´pqn Ñ

λk

k!
e´λ.
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Cknp
kp1´ pqn´k �

λk

k!
e´λ.

�nÑ8, npÑ λ �,
8
ř

k“0

|‹ ´ ‹| Ñ 0. (·KA.0.1)

�np “ λ �,
8
ř

k“0

|‹ ´ ‹| ď 2np2 “ 2λ2{n. (~2.5.16)

A^(~2.1.6)

§2.1 SK8. Ñ´ü¸�, ���:« np, λ.
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~2.1.9 (AÛ©Ù��©Ù�ÃPÁ5). X „ Gppq,

PpX ą nq “
8
ř

i“n`1
p1´ pqi´1p “ p1´ pqn.

fpkq “ k ´ n, Y “ X ´ n.

Y �©Ù�:

PpY “ kq “ p1´pqn`k´1p, k “ ´pn´1q, ¨ ¨ ¨ , 1, 0, 1, 2, ¨ ¨ ¨ .

e¯�tX ą nu u), KY ě 1.

Y �^�©Ù�: k ě 1,

PpY “ k|X ą nq “
PpX “ n` kq

PpX ą nq
“
p1´ pqn`k´1p

p1´ pqn
“ p1´pqk´1p.

ÃPÁ5:

PpY “ k|X ą nq “ PpX “ kq, k “ 1, 2, ¨ ¨ ¨
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§2.2 ëY.�ÅCþ

�Ý¼ê:

ppxq ě 0,

ż 8

´8

ppxqdx “ 1.

e

PpX ď xq “

ż x

´8

ppyqdy, @x P R.

K¡pp¨q �X ��Ý¼ê, P�pXp¨q.

��/,

PpX ą xq “

ż 8

x
ppyqdy, Ppa ă X ď bq “

ż b

a
ppxqdx;

ppxq “
d

dx
PpX ď xq “ ´

d

dx
PpX ą xq.
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�!A�~���Ý¼ê

þ!(Uniform)©Ù, X „ Upa, bq:

ppxq “

$

&

%

1

b´ a
, a ď x ď b,

0, Ù¦.
p̃pxq “

1

b´ a
Ita ă x ă bu.

�Ý¼êØ��. üÕ!Ø��:x �ppxq ´vk¿Â�.

b�pp¨q 3x0 :ëY, Kppx0q �(½:

ppx0q “ lim
δÑ0`

Pp|X ´ x0| ď δq

2δ
.
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�ê(Exponential)©Ù, X „ Exppλq:

ppxq “

#

λe´λx, x ą 0;

0, x ď 0.

~2.2.1. X “ Ñy1����âf���.

±1{n ��*ü �m.

Xn “ 1��H Ñy���„ Gpλ{nq. X « Xn{n.

PpX ą xq “ lim
nÑ8

PpXn ą nxq “ lim
nÑ8

ˆ

1´
λ

n

˙tnxu

“ e´λx.

�Ý¼ê: ppxq “ ´pe´λxq1 “ λe´λx, x ą 0.

ÃPÁ5: é?¿T, t ě 0,

PpX ą T ` t|X ą T q “ PpX ą tq.
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IO��(Normal)©Ù, X „ Np0, 1q:

φpxq “
1
?

2π
e´

x2

2 .

φp¨q (¢´�Ý¼ê:  y

ż 8

´8

φpxqdx “ 1.

‹2 “

ż 8

´8

ż 8

´8

1

2π
e´

x2`y2

2 dxdy
::::

“

ż 2π

0

ż 8

0

1

2π
e´

r2

2 rdrdθ
:::::

“

ˆ
ż 2π

0

1

2π
dθ

˙

¨

ˆ
ż 8

0
e´

r2

2 d
r2

2

˙

“ 1.

Ún2.2.3(ÛÜ4�½n). �Sn „ Bpn, 1{2q, K

lim
nÑ8

max
k:aďxkďb

ˇ

ˇ

ˇ

ˇ

PpSn “ kq

φpxkq∆xk
´ 1

ˇ

ˇ

ˇ

ˇ

“ 0, Ù¥ xk “
k ´ n{2
?
n{2

.

~2.2.4(SRW), p�î�, φp¨q �5�, ã2.2.
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�!ëY.�ÅCþ�¼ê9Ù�Ý¼ê

~2.2.5 (�5C�). X ´ëY., fpxq “ a` bx, (b ‰ 0),

Y “ fpXq, K

pY pyq “
1

|b|
¨ pX

ˆ

y ´ a

b

˙

.

PpY ď yq “ Ppa` bX ď yq
bą0
“ P

ˆ

X ď
y ´ a

b

˙

ż
y´a
b

´8

pXpxqdx “

ż y

´8

pY pzqdz.

“ : z “ a` bx, pY pzq :“
1

b
¨ pX

ˆ

z ´ a

b

˙

.

b ă 0 ��/aq.
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~2.2.6 & 2.2.7 (����5C�).

Z „ Np0, 1q, µ P R, σ ą 0, KX “ µ` σZ ��Ý¼ê�:

pXpxq “
1

σ
¨ pZ

ˆ

x´ µ

σ

˙

“
1

?
2πσ2

e´
px´µq2

2σ2 .

X „ Npµ, σ2q, ëê�µ, σ2 ���©Ù.

X „ Npµ, σ2q, a P R, b ‰ 0, Y “ a` bX, K

pY pyq “
1

a

2πpbσq2
exp

"

´
py ´ pa` bµqq2

2pbσq2

*

.

�a “ ´µ{σ, b “ 1{σ, �X˚ “ pX ´ µq{σ „ Np0, 1q.

X “ µ` σX˚,

Y “ a` bX “ pa` bµq ` pbσqX˚ „ Npa` bµ, pbσq2q.
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 ~2.2.8 & 2.2.9. X „ Exppλq.

aX „ Exppλ{aq, (a ą 0). AO/, λX „ Expp1q:

PpaX ą xq “ PpX ą x{aq “ e´pλ{aqx.

Y „ Expp1q ñ Y {λ „ Exppλq.

αX1{m „W pm,αqµ

ppzq “
m

αm
zm´1e´pz{αq

m
, z ą 0.
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½n2.2.10. �X ´ëY., Ppa ă X ă bq “ 1, f : pa, bq Ñ pc, dq

�é�, f 1pxq ‰ 0, Y “ fpXq, K

pY pyq “ pX
`

gpyq
˘

¨ |g1pyq|, y P pc, dq. pg “ f´1q

(½x, y �����. pXpxq|dx| “ pY pyq|dy| ,
 

[       ] 

y 

[    ] 

x 

dx 

dy 

f 

õé�:

pY pyq “
ÿ

iPI

pX
`

gipyq
˘

¨ |g1ipyq|, y P pc, dq. pgi “ f´1
i q
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 ~2.2.11. X „ Up´π{2, π{2q, Y “ tanX, ¦pY .

pY pyq “ pXpxq ¨
1

1` y2
“

1

π
¨

1

1` y2
.

X „ Up0, πq ½Up0, 2πq ñ tanX „ Cp0, 1q.

W “ µ` αY „ Cpµ, αq.

�α ą 0 (α ă 0 aq),

pW pwq “
1

α
pY

ˆ

w ´ µ

α

˙

“
1

π
¨

α

α2 ` pw ´ µq2
.
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§2.3 �ÅCþ�½Â�©Ù¼ê

�!�ÅCþ�½Â

¼ê!����.

X : Ω Ñ R,

X´1pDq “ tω :Xpωq P Du “ tX P Du, @D Ď R.

½Â2.3.1. �pΩ,F q ´�ÿ�m. eX : Ω Ñ R ÷v

tX ď xu P F , @x P R,

K¡X �pΩ,F q þ��ÅCþ(random variable).
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�!�ÅCþ�©Ù¼ê

½Â2.3.6. X �©Ù¼ê:

FXpxq “ PpX ď xq,

X ��©Ù¼ê:

GXpxq “ PpX ą xq.

ëY.: F 1pxq “ ppxq, G1pxq “ ´ppxq.

lÑ.: F pxiq ´ F pxi´q “ pi, a:: xi, a�ÌÝ: pi.

ÛÉ.: F ëY�vk/�ê0.
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·K2.3.8. F “ FX ÷vn^5�:

(1) üNþ,5: ex ď y, KF pxq ď F pyq;

(2) 5�5: lim
xÑ´8

F pxq “ 0, lim
xÑ8

F pxq “ 1;

(3) mëY5: é?¿x P R, lim
yŒx

F pyq “ F pxq.

(1) & (2): VÇ��K5& 5�5.

üN¼êo�±½Âm4���4�:

gpx`q :“ lim
yŒx

gpyq, gpx´q :“ lim
yÕx

gpyq.

(3): VÇ�ëY5tX ď x` 1{nu Œ tX ď xu.

F px´q “ PpX ă xq: tX ď x´ 1{nu Õ tX ă xu.

a:: PpX “ xq “ FXpxq ´ FXpx´q.
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n!©Ù

(VÇ)©Ù: ¡pR,Bq þ�VÇ. P�µ.

eX ´�ÅCþ, KtX P Bu P F , @B P B. (Ún2.3.9)

X �©Ù:

B ÞÑ PpX P Bq,

P�µX ½L pXq.

eFX ” FY , KµX ” µY , d�¡X �Y Ó©Ù, P

�X
d
“ Y . (íØ1.5.16, ½Â2.3.10)

X
d
“ Y ��=�L pXq “ L pY q.

ePpX “ Y q “ 1, K¡X �Y A�7,��,

P�X “ Y a.s..
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~2.3.11 («5¼ê).

IApωq “ ItωPAu :“

#

1, ω P A;

0, ω R A.

IA „ Bp1, pq, p “ PpAq.

�X „ Bp1, pq.

-A “ tX “ 1u, B “ tX “ 0u.

-C “ pAYBqc “ tω : Xpωq ‰ 0 ½ 1u.

PpCq “ 0, tX ‰ IAu “ C. ÏdX “ IA a.s..
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o!2Â�ÅCþ!�ÿN���Å�˚

�ÿN�ξ : pX,F q Ñ pY,G q.

pX,F q ÚpY,G q ´�ÿ�m.

ξ : XÑ Y ÷v�ÿ5:

tx P X : ξpxq P Bu P F , @B P G .

�ÅCþX : pΩ,F q Ñ pR,Bq,
Borel¼ê/�ÿ¼êpY,G q “ pR,Bq.

2Â¢ê8�2Â�ÅCþ:

R̂ “ RY t´8,8u, B̂ “ tB Y S : B P B, S Ď t´8,8uu.

X : pΩ,F q Ñ pR̂, B̂q.

�Å�: X : pΩ,F q Ñ pS,S q.
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Ö¿�£: Lebesgue È©

�ÄBorel ¼ê/�ÿ¼ê.

f , g A�??(almost everywhere)���

λptx : fpxq ‰ gpxquq “ 0, P� f “ g a.e..

f ě 0 a.e., f ě g a.e., Ón.

�f ě 0 a.e., -

ż

fpxqdx :“ lim
nÑ8

8
ÿ

k“1

k

n
¨ λ

ˆ"

x :
k

n
ď fpxq ă

k ` 1

n

*˙

.

ż

B
fpxqdx :“

ż

fpxqItxPBudx, B P B.

f “ g a.e. ô

ż

B
fpxqdx “

ż

B
gpxqdx, @B P B.
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~. X ��Ý¼ê��xA�??����KBorel ¼ê,

§�Ñ÷v:

PpX P Bq “

ż

B
ppxqdx, @B P B.

���/, a P R,

a` :“ a_ 0, a´ :“ ´pa^ 0q, a “ a` ´ a´, |a| “ a` ` a´.

f “ f` ´ f´, (�eªm>Ø´8´8)
ż

fpxqdx :“

ż

f`pxqdx´

ż

f´pxqdx,

È©k�5, p�aq.

~2.3.4. éuëY.�ÅCþ, �Ý¼êpp¨q ´�KBorel ¼

ê, È©´Lebesgue È©.
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§2.4 �Å�þ

�Å�þ: Ó��pΩ,F q ¥�õ��ÅCþ(�å�Ä).

n ��Å�þ: ~X “ pX1, ¨ ¨ ¨ , Xnq

~X : Ω Ñ Rn, ω ÞÑ pX1pωq, ¨ ¨ ¨ , Xnpωqq.

t ~X ď ~xu:

tX1 ď x1, ¨ ¨ ¨ , Xn ď xnu

“t ~X P Du, D “ p´8, x1s ˆ ¨ ¨ ¨ ˆ p´8, xns.

σp ~Xq “
 

t ~X P Bu : B P Bn
(

Ď F .

ïÄ ~X �éÜ©Ù

µ ~X , L p ~Xq : Bn Ñ R, B ÞÑ Pp ~X P Bq.
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�!lÑ.�Å�þ

X �Y Ñ´lÑ., éÜ©Ù(�):

PpX “ xi, Y “ yjq “ pij , i P I, j P J.

 

X1, ¨ ¨ ¨ , Xn Ñ´lÑ.. éÜ©Ù�:

P
´

X1 “ x
p1q
i1
, ¨ ¨ ¨ , Xn “ x

pnq
in

¯

,

i1 P I1, ¨ ¨ ¨ , in P In.

~2.4.2 (õ�©Ù). ,�fkk �¡, 1i �¡�VÇ�pi.

�n g. 1i �¡Xi g. pX1, ¨ ¨ ¨ , Xk´1q �éÜ©Ù�.
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�!ëY.�Å�þ

éÜ©Ù¼ê: FX,Y px, yq “ PpX ď x, Y ď yq.

pX,Y q �ëY.�:

FX,Y px, yq “

ż x

´8

ż y

´8

ppu, vqdvdu, @x, y P R.

¡pp¨, ¨q: pX,Y q �éÜ�Ý¼ê, P�pX,Y p¨, ¨q.

**: �K!�ÿ, �

ĳ

R2

ppx, yqdxdy “ 1.

epx, yq �pp¨, ¨q �ëY:, K

ppx, yq “
B2F px, yq

BxBy
“ lim

Vol2pDqÑ0

P
`

pX,Y q P D
˘

Vol2pDq
.

@D P B2, P
`

pX,Y q P D
˘

“

ĳ

D

pX,Y px, yqdxdy.

epX,Y q �ëY., KPpX “ Y q “ 0.
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����©Ù, pX,Y q „ Npµ1, µ2, σ
2
1, σ

2
2, ρq.

ëê��: µ1, µ2 P R, σ1, σ2 ą 0; ρ P p´1, 1q.

éÜ�Ý¼ê/X

ppx, yq “ C exp

"

´
1

2p1´ ρ2q
¨ I

*

,

Ù¥I “ u2 ´ 2ρuv ` v2 , u “
x´ µ1

σ1
, v “

y ´ µ2

σ2
.

~2.4.6. C “
1

2πσ1σ2

a

1´ ρ2
:

ż 8

´8

ppx, yqdy “ C

ż 8

´8

exp

$

&

%

´
pv ´ ρuq2 ` p1´ ρ2qu2

2p1´ ρ2q

,

.

-

σ2dv

“ Cσ2e´
u2

2 ¨
a

2πp1´ ρ2q “
1

a

2πσ2
1

e´
u2

2 .

5VÇØ6�§Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 

��IO��©Ù: µ1 “ µ2 “ 0, σ1 “ σ2 “ 1; ρ “ 0.

qpx, yq “
1

2π
e´

1
2
px2`y2q.

���/, u “
x´ µ1

σ1
, v “

y ´ µ2

σ2
,

I “ pv ´ ρuq2 ` p
a

1´ ρ2uq2 .

ppx, yq “C exp

"

´
1

2p1´ ρ2q
¨ I

*

“C̃ ¨ q

˜

v ´ ρu
a

1´ ρ2
, u

¸
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n!��/ª��Å�þ

~X “ pX1, ¨ ¨ ¨ , Xnq. ~X �éÜ©Ù(¼ê):

F ~Xp¨q “ Pp ~X ĺ ~xq, µ ~XpBq :“ Pp ~X P Bq, @B P Bn.

~X �~Y Ó©Ù, ~X
d
“ ~Y �: µ ~X “ µ~Y , F ~X “ F~Y .

lÑ.: éÜ©Ù��Ó.

ëY.: éÜ�Ý¼êA�??��.

·K2.8.1. � ~X, ~Y ´n ��Å�þ, ~X
d
“ ~Y ,

f : Rn Ñ Rm ´Borel ¼ê, Kfp ~Xq
d
“ fp~Y q.

~X �~Y A�7,��, ~X “ ~Y a.s. �: Pp ~X “ ~Y q “ 1.

~X “ ~Y a.s. ñ ~X
d
“ ~Y , ��Ø,.
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þ!©Ù: ~X „ UpSq.

~2.4.8. �U „ Up0, 2πq, KpcosU, sinUq „ UpS1q.

~2.4.7 & 2.4.9 & 2.8.2 & 2.8.3.

S “ t~x P R3 : x1, x2, x3 ě 0 � x1 ` x2 ` x3 “ 1u.

::::::::
���5: ­ü�, pXi, Xj , Xkq „ UpSq.

pXi, Xjq „ UpŜq, ´ëY., Ù¥

Ŝ “ tpx, yq P R2 : x, y ě 0 � x` y ď 1u.

pX,Y q „ UpŜq ñ pX, 1´X ´ Y q „ UpSq.

~2.4.10. S “ t~x : x2
1 ` ¨ ¨ ¨ ` x

2
n “ 1u Ď Rn. ��þ.

K~Y “ A ~X „ UpSq, Ù¥A �n ���Ý
.
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§2.5 >�©Ù�Õá5

�!>�©Ù

~X “ pX1, ¨ ¨ ¨ , Xnq.

¡~Y :“ pXi1 , ¨ ¨ ¨ , Ximq � ~X �m (ă n) �>�,

¡µ~Y , F~Y �
~X �m �>�(éÜ)©Ù/©Ù¼ê.

lÑ., >�©Ù(�). ~, PpX “ xiq “
ř

jPJ

pij , i P I.

~2.5.1. õ�©Ù�õ��AÛ©Ù.

ëY., >��Ý¼ê. ~, pXpxq “

ż 8

´8

ppx, yqdy.

~2.5.2. ����©Ù�>����©Ù.

~2.5.3. ~X
d
“ ~Y ñ pXi1 , ¨ ¨ ¨ , Ximq

d
“ pYi1 , ¨ ¨ ¨ , Yimq.

��Ø,: X “ ItHu, Y “ ItT u, pX,Xq �pX,Y q ØÓ©Ù.
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�!�ÅCþ�Õá5

e@x1, ¨ ¨ ¨ , xn,

PpX1 ď x1, ¨ ¨ ¨ , Xn ď xnq “ PpX1 ď x1q ¨ ¨ ¨PpXn ď xnq,

K¡X1, ¨ ¨ ¨ , Xn (�p)Õá.

‹‹ ��=�@B1, ¨ ¨ ¨ , Bn P B,

PpX1 P B1, ¨ ¨ ¨ , Xn P Bnq “ PpX1 P B1q ¨ ¨ ¨PpXn P Bnq.

‹‹ ��=�‹‹, tX1 P B1u, ¨ ¨ ¨ , tXn P Bnu �pÕá.

e@i ‰ j, Xi �Xj Õá, K¡X1, ¨ ¨ ¨ , Xn üüÕá.

eX1, ¨ ¨ ¨ , Xn Õá�Xi
d
“ X1, @i, K¡§�ÕáÓ©Ù.
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X1, ¨ ¨ ¨ , Xn Õá��=�/“0, �I�y/“0.

lÑ.:

PpX1 “ x1, ¨ ¨ ¨ , Xn “ xnq “ PpX1 “ x1q ¨ ¨ ¨PpXn “ xnq.

PpX1 “ x1, ¨ ¨ ¨ , Xn “ xnq “ f1px1q ¨ ¨ ¨ fnpxnq.

ëY.:

p ~Xp~xq “ pX1px1q ¨ ¨ ¨ pXnpxnq.

p ~Xp~xq “ f1px1q ¨ ¨ ¨ fnpxnq.
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~2.5.7. �Ä¤õÇ�p �Bernoulli Á�.

-Xi “ IHi . X1, ¨ ¨ ¨ , Xn ÕáÓ©Ù, @n.

5: d�¡X1, X2, ¨ ¨ ¨ ÕáÓ©Ù.

-Yi “ 1i´ 1 g¤õ�1i g¤õ�m��}gê.

tY1 “ k1, Y2 “ k2, ¨ ¨ ¨ , Yn “ knu:

k1 �T ���H; k2 �T ���H; ¨ ¨ ¨ , kn �T ���H.

VÇ�

p1´ pqk1p ¨ p1´ pqk2p ¨ ¨ ¨ p1´ pqknp.

Y1, ¨ ¨ ¨ , Yn ÕáÓ©Ù, Y1 ` 1 „ Gppq.
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~2.5.8 (����©Ù).pX,Y q „ Npµ1, µ2, σ
2
1, σ

2
2, ρq.

X �Y �pÕá��=�ρ “ 0.

u “
x´ µ1

σ1
, v “

y ´ µ2

σ2
, éÜ�Ý¼ê:

ppx, yq “
1

2πσ1σ2

a

1´ ρ2
exp

"

´
1

2p1´ ρ2q

`

u2 ´ 2ρuv ` v2
˘

*

.

ð: eρ “ 0, KÕá:

ppx, yq “
1

2πσ1σ2
e
´
px´µ1q

2

2σ21 ¨ e
´
py´µ2q

2

2σ22 .

ñ: eÕá, K‹‹ �éÜ�Ý.

ppx, yq �p̃px, yq þ�pX,Y q �éÜ�Ý, þëY, ���.

�x “ µ1, y “ µ2, �ρ “ 0.
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~2.5.9. �X1, ¨ ¨ ¨ , Xn Õá; Y1, ¨ ¨ ¨ , Yn Õá; Xi

d
“ Yi, @i.

P ~X “ pX1, ¨ ¨ ¨ , Xnq, ~Y “ pY1, ¨ ¨ ¨ , Ynq.

~X
d
“ ~Y :

F ~Xp~zq “ F1pz1q ¨ ¨ ¨Fnpznq “ F~Y p~zq.

�X1, ¨ ¨ ¨ , Xn ÕáÓ©Ù.
:::::::::
���5:

pXi1 , ¨ ¨ ¨ , Xinq
d
“ pX1, ¨ ¨ ¨ , Xnq.
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n!�Å�þ�Õá5

~X �~Y �pÕá�:

P
´

~X ĺ ~x, ~Y ĺ ~y
¯

“ P
´

~X ĺ ~x
¯

P
´

~Y ĺ ~y
¯

, @~x, ~y.

~Xp1q, ¨ ¨ ¨ , ~Xpnq �pÕá�:

P
´

~Xpiq ĺ ~xpiq, i “ 1, ¨ ¨ ¨ , n
¯

“

n
ź

i“1

P
´

~Xpiq ĺ ~xpiq
¯

, @~xp1q, ¨ ¨ ¨ , ~xpnq.

‹‹ ��=�é?¿Borel 8Bi’s, t ~X
piq P Biu’s �pÕá.

·K2.5.11. e‹‹, K@ Borel¼ê/�ÿN�, fip ~X
piqq’sÕá.

ÕáÓ©Ù, üüÕá, aq.
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§2.6. ^�©Ù

�!lÑ.�Å�þ�^�©Ù

3tX “ xiu u)�^�e, Y �^�©Ù(�):

pY |Xpyj |xiq “ PpY “ yj |X “ xiq “
PpY “ yj , X “ xiq

PpX “ xiq
, j P J.

O�: pY |Xp¨|xiq 9 PpY “ ¨, X “ xiq, (�½xi).

PpX “ xi, Y “ yjq “ PpX “ xiqPpY “ yj |X “ xiq.

PpY “ yjq “
ř

iPI

PpX “ xiqpY |Xpyj |xiq.

X �Y �pÕá�

7�^�: L pY |X “ xiq “ L pY q, @i.

¿©^�: L pY |X “ xiq Ø�6ui.
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~2.6.1. ,&Á¤��Î�ê8X „ P pλq. z�ÎÕá/±V

Çp Èz�rÁ. Y : T&Á�rÁê. Z “ X ´ Y ,

KY „ P pλpq, Z „ P pλp1´ pqq, �Y �Z �pÕá.

>�©Ù: X „ P pλq.

^�©Ù: L pY |X “ nq “ Bpn, pq.

éÜ©Ù: @k, ` “ 0, 1, ¨ ¨ ¨ ,

PpY “ k, Z “ `q “ PpX “ k ` `, Y “ kq

“
λk``

pk ` `q!
e´λ ¨

pk ` `q!

k!`!
pkq` “

pλpqk

k!
¨
pλqq`

`!
e´λ.

�(Ø¤á. (e´λ “ e´λp ¨ e´λq.)
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�!ëY.�Å�þ�^�©Ù

^�©Ù¼ê:

PpY ď y|X “ xq :“ lim
εÑ0`

PpY ď y |x´ ε ă X ď x` εq

“ lim
εÑ0`

ż x`ε

x´ε

ż y

´8

ppu, vqdvdu

ż x`ε

x´ε
pXpuqdu

“

ż y

´8

ppx, vq

pXpxq
dv.

3tX “ xu �^�e, Y �^��Ý¼ê:

pY |Xpy|xq “
ppx, yq

pXpxq
.

O�: �½x, pY |Xp¨|xq 9 ppx, ¨q.

ppx, yq, pY pyq, Õá5�¿©^�!7�^��lÑ.aq.
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~2.6.2 (����©Ù) Npµ1, µ2, σ
2
1, σ

2
2, ρq.

ppx, yq “ C exp

"

´
1

2p1´ ρ2q
¨ I

*

,

Ù¥, C “ 1

2πσ1σ2
?

1´ρ2
,

I “ u2 ´ 2ρuv ` v2, u “
x´ µ1

σ1
, v “

y ´ µ2

σ2
.

(Ø: X „ Npµ1, σ
2
1q, L pY |X “ xq “ Npµ, σ2q, Ù¥

µ “ µ2 ` ρ
σ2

σ1
px´ µ1q, σ2 “ p1´ ρ2qσ2

2.

'�:: I “ pv ´ ρuq2 ` p1´ ρ2qu2 .

dx “ σ1du, dy “ σ2dv.
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�{�!k¦>��Ý, 2¦^��Ý.

~2.4.6 & ~2.5.3.

C “
1

2πσ1σ2

a

1´ ρ2
, X „ Npµ1, σ

2
1q.

pY |Xpy|xq “
ppx, yq

pXpxq
“

C exp
!

´ 1
2p1´ρ2q

¨ I
)

1?
2πσ1

expt´1
2u

2u
“ ¨ ¨ ¨

´ 1
2p1´ρ2q

¨ I ` 1
2u

2:

´
pv ´ ρuq2 ` p1´ ρ2qu2

2p1´ ρ2q
`
u2

2
“ ´

pv ´ ρuq2

2p1´ ρ2q
“ ´

py ´ µq2

2σ2
.

�L pY |X “ xq “ Np‹, ‹q
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�{�!k¦^��Ý, 2¦>��Ý.

fxpyq “ exp

"

´
pv ´ ρuq2

2p1´ ρ2q

*

, C2pxq “ Ce´
u2

2 .

ppx, yq “ C exp

$

&

%

´
pv ´ ρuq2 ` p1´ ρ2qu2

2p1´ ρ2q

,

.

-

“ C2pxqfxpyq.

µ “ µ2 ` ρ
σ2

σ1
px´ µ1q, σ

2 “ p1´ ρ2qσ2
2, C3pxq “

1
?

2πσ2
.

pY |Xpy|xq “ C3pxqfxpyq “ C3pxq exp

"

´
py ´ µq2

2σ2

*

.

pXpxq “
ppx, yq

pY |Xpy|xq
“
C2pxq

C3pxq
“ C

?
2πσ2e

´
px´µ1q

2

2σ21 .

�X „ Npµ1, σ
2
2q, C “

1
a

2πσ2
1

?
2πσ2

“
1

2πσ1σ2

a

1´ ρ2
.
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n!��/ª�^�©Ù

�½x. -F̃Y |Xpy|xq “ lim
εÑ0`

PpY ď y|x´ ε ă X ď x` εq.

F̃Y |Xpy|xq 'uy üNþ,, FY |Xpy|xq :“ F̃Y |Xpy ` |xq.

~2.6.3. pX,Y q „ UpS1q.

L pY |X “ xq � ˘
a

1´ x2 þ��VÇ©Ù.
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§2.7 �ÅCþ�¼ê

�!�ÅCþ�¼ê

X �lÑ., f : xi Ñ fpxiq. Y “ fpXq.

éÑ¤k�U�yj ,

PpY “ yjq “
ÿ

iPI:fpxiq“yj

pi.

�X ´�ÅCþ.

��/, �¦f �Borel ¼ê, ±�yfpXq ´�ÅCþ.

·K2.7.1. eX
d
“ Y , KfpXq

d
“ fpY q.
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�!©Ù¼ê9Ù2Â_¼ê

e±en^¤á, K¡F p¨q �©Ù¼ê.

(1) üNþ,5: ex ď y, KF pxq ď F pyq;

(2) 5�5: lim
xÑ´8

F pxq “ 0, lim
xÑ8

F pxq “ 1;

(3) mëY5: é?¿x P R, lim
yŒx

F pyq “ F pxq.

F �2Â�¼ê:

F´1puq :“ inftx P R : F pxq ě uu, 0 ă u ă 1.

�©Ù¼êaq.
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Ún2.7.2. F �F´1 Ñ´Borel ¼ê, ¿�

F´1puq ď xô u ď F pxq, x ă F´1puq ô F pxq ă u.

F´1puq “ inftx P R : F pxq ě uu
∆
“ x0.

ex ą x0, KF pxq ě u;

ex ă x0, KF pxq ă u.

ex “ x0, KF pxq ě u.

F ´Borel ¼ê:

tx : F pxq ă uu “ p´8, F´1puqq P B.

F´1 ´Borel ¼ê:

 

u : F´1puq ď x
(

“
`

0, F pxq
‰

.
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~2.7.3. -U “ FXpXq. FX �ëY¼ê��=�U „ Up0, 1q.

ñ: F “ FX .

F´1puq “ inftx P R : F pxq ě uu
∆
“ x0.

F´1puq ď xô u ď F pxq, x ă F´1puq ô F pxq ă u.

PpF pXq ă uq “ PpX ă x0q “ F px0q.

F px0q ě u; F px0´q ď u. ÏdF px0q “ u.

PpU ă uq “ uñ U „ Up0, 1q:

PpU “ uq ď Ppu ď U ă u`
1

n
q “ pu`

1

n
q ´ uÑ 0.

ð: �y{. �x0 ¦�a “ PpX ă x0q ă b “ FXpx0q.

PpU P pa, bqq “ 0. ÏdU ØÑlUp0, 1q.
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 ~2.7.4. �F ´©Ù¼ê, U „ Up0, 1q. -X “ F´1pUq,

KFX “ F .

F´1puq “ inftx P R : F pxq ě uu
∆
“ x0,

F´1puq ď xô u ď F pxq, x ă F´1puq ô F pxq ă u.

@x,

FXpxq “ PpX ď xq “ PpU ď F pxqq “ F pxq.

5: ?¿©Ù¼êÑ´,�ÅCþ�©Ù¼ê.
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F1, F2 ´©Ù¼ê.

~2.7.7. F pxq “ mintF1pxq, F2pxqu ´©Ù¼ê.

X “ maxtF´1
1 pUq, F´1

2 pUqu. @x P R,

FXpxq “ PpU ď F1pxq, U ď F2pxqq “ F pxq.

~2.7.8. F pxq “ pF1pxq ` p1´ pqF2pxq ´©Ù¼ê.

�U,W ÕáÓ©Ù, -

Z “ 1tWďpuF
´1
1 pUq ` 1tWąpuF

´1
2 pUq.

FZ “ F :

FZpzq “ P
`

W ď p, F´1
1 pUq ď z

˘

` P
`

W ą p, F´1
2 pUq ď z

˘

“ pF1pzq ` qF2pzq “ F pzq.
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n!ÕáÚ

~2.7.11. �X, Y þ�ëY., �pÕá, ¦X ` Y ��Ý¼ê.

éÜ�Ý: pX,Y px, yq “ pXpxqpY pyq.

PDz “ tpx, yq P R2 : x` y ď zu, K

PpX ` Y ď zq “

ĳ

Dz

pXpxqpY pyqdxdy

“

ż 8

´8

ˆ
ż z´x

´8

pY pyqdy

˙

pXpxqdx “

ż 8

´8

ˆ
ż z

´8

pY py ´ xqdy

˙

pXpxqdx.

“

ż z

´8

ˆ
ż 8

´8

pXpxqpY py ´ xqdx

˙

dy.

@z,

pX`Y pzq “

ż 8

´8

pXpxqpY pz ´ xqdx “

ż 8

´8

pXpz´yqpY pyqdy.
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òÈh “ f ˚ g:

hpzq “

ż 8

´8

fpxqgpz ´ xqdx “

ż 8

´8

fpz ´ yqgpyqdy.

�µ, ν ´©Ù. µ �ν �òÈ�L pX`Y q, P�µ ˚ ν, Ù¥

X „ µ, Y „ ν, X�Y�pÕá.

�tµα : α P Iu ´�x©Ù. e@α, β P I, �3γ P I ¦�

µα ˚ µβ “ µγ ,

K¡T©Ùxäk�\5½2)5.

�X1, X2, ¨ ¨ ¨ ÕáÓ©Ù, Sn “ X1 ` ¨ ¨ ¨ `Xn.

L pSnq˚L pSmq “ L pSn`mq, pX1 ` ¨ ¨ ¨ `Xnq ` pXn`1 ` ¨ ¨ ¨ `Xn`mq.
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~2.7.15 „ 17. ³ê©ÙΓpα, λq, α ą 0, λ ą 0. �Ý¼ê:

ppxq “
λα

Γpαq
xα´1e´λx, x ą 0, Ù¥Γpαq “

ż 8

0
yα´1e´ydy.

Γpα1, λq ˚ Γpα2, λq “ Γpα1 ` α2, λq: @z ą 0,

ppzq “

ż 8

´8

pα1pxqpα2pz ´ xqdx

“ Cα1Cα2

ż z

0
xα1´1e´λx ¨ pz ´ xqα2´1e´λpz´xqdx

“ Ce´λz
ż z

0
xα1´1pz ´ xqα2´1dx

“ Ce´λz
ż 1

0
ptzqα1´1

`

p1´ tqz
˘α2´1

zdt px “ ztq

“ Ĉe´λzzα1`α2´1.
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~2.7.15 „ 17(Y). ³ê©ÙΓpα, λq, α ą 0, λ ą 0. �Ý¼ê:

ppxq “
λα

Γpαq
xα´1e´λx, x ą 0, Ù¥Γpαq “

ż 8

0
yα´1e´ydy.

eX „ Exppλq “ Γp1, λq, KSn „ Γpn, λq.

eZ „ Np0, 1q, KZ2 “ Γp1{2, 1{2q (~2.2.12). u´

Z2
1 ` ¨ ¨ ¨ ` Z

2
n „ Γpn{2, 1{2q

∆
“ χ2pnq.

Z2
1 ` Z

2
2 „ Γp1, 1{2q “ Expp1{2q.

eX „ Exppλq, K2λX „ Expp1{2q, �2λSn „ χ2p2nq.
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§2.8 �Å�þ�C�

�!�Å�þ�C�

~X ´n �ëY.�Å�þ, ��uD1.

f : D1 Ñ D2 v
1w, �é�.

Ip~xq “ detpByi{Bxjqi,jďn, Jp~yq “ detpBxi{Byjqi,jďn.

@~y P D2,

p~Y p~yq “ p ~X
`

~x
˘

¨
1

|Ip~xq|
“ p ~X

`

f´1p~yq
˘

¨ |Jp~yq|,

f õé�, gipyq “ xi, i P I,

ÿ

iPI

pX
`

~xpiq
˘

¨
1

|Ip~xpiqq|
“

ÿ

iPI

pX
`

gip~yq
˘

¨ |Jip~yq|.
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~2.8.4 „ 2.8.7. �X,Y �pÕá, ÑÑlNp0, 1q.

X “ R cos Θ, Y “ R sin Θ.

r ą 0, θ P p0, 2πq,

pR,Θpr, θq “
1

2π
e´px

2`y2q{2 ¨ r “
1

2π
re´r

2{2.

Θ, R �pÕá, Θ „ Up0, 2πq, R2 “ X2 ` Y 2 „ Expp1{2q:

pW pwq “ pRprq
dr

dw
“ re´r

2{2 ¨
1

2r
“

1

2
e´

w
2 , @w ą 0.

X{Y “ tan Θ „ Cp0, 1q.

��C�: ApX,Y qT
d
“ pX,Y qT. R “ R, Θ “ Θ` α.

W
d
“ ´2 lnU1, Θ

d
“ 2πU2, �

pX,Y q
d
“ p

a

´2 lnU1 cos p2πU2q,
a

´2 lnU1 sin p2πU2qq.
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 o!^SÚOþ

�X1, ¨ ¨ ¨ , Xn ÕáÓ©Ù.

@ω, l���üS: Xp1qpωq ď ¨ ¨ ¨ ď Xpnqpωq.

¡Xp1q, ¨ ¨ ¨ , Xpnq �X1, ¨ ¨ ¨ , Xn �^SÚOþ.

�X1 �ëY., d�

Xp1qpωq ă ¨ ¨ ¨ ă Xpnqpωq a.s..

X1 ��Ý/©Ù/�©Ù¼ê©OP�pp¨q, F p¨q, Gp¨q.
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~2.8.10 & 2.8.11. pXp1q, ¨ ¨ ¨ , Xpnqq �éÜ�Ý¼ê�

n!ppx1q ¨ ¨ ¨ ppxnq, x1 ă ¨ ¨ ¨ ă xn.

�Xpkq “ XIk , k “ 1, ¨ ¨ ¨ , n.

~I “ pI1, ¨ ¨ ¨ , Inq ´�Å�ü�, ��‹‹ �pÕá:

@0 ă x1 ă y1 ă ¨ ¨ ¨ ă xn ă yn ă t,

P
´

xr ă Xprq ď yr,@r; ~I “ pi1, ¨ ¨ ¨ , inq
¯

“ Ppxr ă Xir ď yr,@rq “
1

n!

ż

D
‹‹d~x.

Xpkq ��Ý¼ê�nC
k´1
n´1F pxq

k´1Gpxqn´kppxq.

PpXpkq ď xq “
n
ř

i“k

CinF pxq
i p1´ F pxqq

n´i
.

ééÜ�ÝÈ©.
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~2.8.12. �U1, ¨ ¨ ¨ , Un ÕáÓ©Ù, „ Up0, 1q. P

Xi “ Upiq ´ Upi´1q, pUp0q “ 0, Upn`1q “ 1q.

pUp1q, ¨ ¨ ¨ , Upnqq �éÜ�Ý: n! ¨ It0ău1ău2ă¨¨¨ăună1u.

pX1, ¨ ¨ ¨ , Xnq �éÜ�Ý: n! ¨ Itx1¨¨¨ ,xną0; x1`¨¨¨`xnă1u.

pX1, ¨ ¨ ¨ , Xnq „ UpŜq. � ~X “ pX1, ¨ ¨ ¨ , Xn`1q „ UpSq,

S “

#

~x P Rn`1 : xi ą 0,@i �
n`1
ÿ

i“1

xi “ 1

+

.

:::::::::
���5: pXi1 , ¨ ¨ ¨ , Xin`1q

d
“ ~X.
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 §2.9 �ÅCþS�

�!�ÅCþS�

�pΩ,F ,Pq ´VÇ�m, X1, X2, ¨ ¨ ¨ �Ùþ���ÅCþ.

½Â2.9.1. üüÕá!�pÕá!ÕáÓ©Ù.

~2.9.2. ±eÑ´2Â�ÅCþ:

sup
ně1

Xn, inf
ně1

Xn, lim sup
nÑ8

Xn, lim inf
nÑ8

Xn.
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�!Ã¡��Å�þ& o!�ÅL§

X “ pX1, X2, ¨ ¨ ¨ q: Ã¡��Å�þ, ��uR8 ��Å�.

�I��k��>�©ÙL pXi1 , ¨ ¨ ¨ , Xinq.

X �Y Ó©Ù, X
d
“ Y:

pX1, ¨ ¨ ¨ , Xnq
d
“ pY1, ¨ ¨ ¨ , Ynq, @n.

X �Y �pÕá:

pX1, ¨ ¨ ¨ , Xnq � pY1, ¨ ¨ ¨ , Ymq �pÕá, @n,m.

eX �Y �pÕá, K

tX P D1u � tY P D2u ˚˚, fpXq � gpYq ˚˚.

ÕáÓ©Ùaq.
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ÑtL§

~2.9.5. �ξ1, ξ2, ¨ ¨ ¨ ÕáÓ©Ù, ÑÑlExppλq.

-Sn “ ξ1 ` ¨ ¨ ¨ ` ξn, K

Xt :“ |tn ě 1 : Sn ď tu| „ P pλtq.

¡tXt : t ě 0u �ÑtL§.

tXt “ ku “ tSk ď t ă Sk ` ξk`1u.

k “ 0: PpXt “ 0q “ Ppξ1 ą tq “ e´λt.

PpXt “ kq “

ż t

0

ż 8

t´x

λk

pk ´ 1q!
xk´1e´λx ¨ λe´λydydx

“

ż t

0

λk

pk ´ 1q!
xk´1e´λx ¨ e´λpt´xqdx

“
λk

pk ´ 1q!
e´λt ¨

tk

k
“
pλtqk

k!
e´λt, @k ě 1.
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~2.9.6. L ppS1, ¨ ¨ ¨ , Snq|Xt “ nq “ L pUp1q, ¨ ¨ ¨ , Upnqq,

Ù¥U1, ¨ ¨ ¨ , Un ÕáÓ©Ù, „ Up0, tq.

PpXt “ nq “ Pp0 ă S1 ă ¨ ¨ ¨ ă Sn ă t ă Sn ` ξn`1q

“ e´λtpλtqn{n!.

0 ă x1 ă y1 ă ¨ ¨ ¨ ă xn ă yn ă t.

Ppxi ă Si ď yi, i “ 1, ¨ ¨ ¨ , n � ξn`1 ą t´ Snq

“

ż y1

x1

¨ ¨ ¨

ż yn

xn

ż 8

t´un

λne´λun ¨ λe´λzdzdun ¨ ¨ ¨ du1

“

ż y1

x1

¨ ¨ ¨

ż yn

xn

λne´λun ¨ e´λpt´unqdun ¨ ¨ ¨ du1

“ λne´λtpy1 ´ x1q ¨ ¨ ¨ pyn ´ xnq.

L ppS1, ¨ ¨ ¨ , Snq|Xt “ nq �éÜ�Ý: n!
1

tn
¨ It0ău1ă¨¨¨ăunătu.
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~2.8.9. �η, ζ �pÕá, η „ Exppλ1q, ζ „ Exppλ2q.

Pξ “ mintη, ζu, λ “ λ1 ` λ2, p “ λ1{λ, K

ξ „ Exppλq, Ppξ “ ηq “ p, A �ξ �pÕá.

@y ą 0, tξ ą x,Au “ tζ ą η ą xu.

@x ą 0,

Ppξ ą x,Aq “

ż 8

x

ż 8

u
λ1λ2e´pλ1u`λ2vqdvdu

“

ż 8

x
λ1e´λ1ue´λ2udu “

λ1

λ
e´λx.
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 ~2.7.14. �Y „ P pλ1q, Z „ P pλ2q, �Y �Z �pÕá.

Pλ “ λ1 ` λ2, p “ λ1{λ.

X “ Y ` Z „ P pλq, L pY |X “ nq “ Bpn, pq.

Ŷ „ P pλpq (rÁê), Ẑ „ P pλp1´ pqq, �pÕá. (~2.6.1)

pY,Zq
d
“ pŶ , Ẑq. �

X
d
“ X̂, L pY |X “ nq “ L pŶ |X̂ “ nq.
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~2.9.7 & §2.6 SK3. V �tξ1, ξ2, ¨ ¨ ¨ u �pÕá, V „ Gppq, K

W :“ SV „ Exppλpq, L pV ´ 1|W “ xq “ P pλqxq.

PpW ą xq “
8
ř

n“1
PpV “ n, Sn ą xq “ ¨ ¨ ¨ .

@0 ă δ ă x,

PpV “ n, x´ δ ďW ď x` δq “ PpV “ n, x´ δ ď Sn ď x` δq

“

ż x`δ

x´δ
qn´1p

λn

pn´ 1q!
un´1e´λudu, n “ 1, 2, ¨ ¨ ¨

PpV ´ 1 “ m|W “ xq: m “ 0, 1, 2, ¨ ¨ ¨ ,

ż x`δ

x´δ
λp

`

λqu
˘m

m!
e´λudu

ż x`δ

x´δ
λpe´λpudu

δÑ0
ÝÑ

`

λqx
˘m

m!
e´λqx.
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§2.5 o!ÍÜ

½Â2.5.12. �µ1, µ2 ´©Ù. eµ ´éÜ©Ù, ±µ1 Úµ2 �

>�©Ù, K¡µ �µ1 �µ2 �ÍÜ.

�E���Å�pX,Y q „ µ, KX „ µ1, Y „ µ2.

^X,Y �¼ê��'X�«µ1 �µ2 �'X.

~. �ê©Ù. λ1 ą λ2 ą 0.

�*: λ ��, éA��ÅCþ��.

<y: X „ Expp1q, X{λ „ Exppλq.

Ã�ÍÜ: X „ Exppλ1q, Y „ Exppλ2q, X,Y �pÕá.
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 ~2.7.6 (ÍÜ). �F1pxq ď F2pxq, @x. �EpX1, X2q ¦�

Fi “ FXi , i “ 1, 2 � X1 ě X2.

F´1puq “ inftx P R : F pxq ě uu.

F´1
2 puq ď F´1

1 puq:

@x ě F´1
1 puq, F1pxq ě u. u´ F2pxq ě u, l
 x ě F´1

2 puq.

�U „ Up0, 1q, F´1
1 pUq ě F´1

2 pUq.

5VÇØ6�§Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 

~2.5.16 (�ê½Æ). �X1, ¨ ¨ ¨ , Xn �pÕá, Xi „ Bp1, piq.

λ “
n
ř

i“1
pi, δ “ max

1ďiďn
pi, X “

n
ř

i“1
Xi, K

dTVpL pXq, P pλqq “
1

2

8
ÿ

k“0

ˇ

ˇ

ˇ

ˇ

PpX “ kq ´
λk

k!
e´λ

ˇ

ˇ

ˇ

ˇ

ď λδ.

U „ Up0, 1q, Y :“ fppUq „ Bp1, pq, Z :“ gppUq „ P ppq.

 

𝑌 = 1 

𝑝 1 − 𝑝 

𝑝𝑒−𝑝 
𝑍 = 0  

𝑍 = 1 

𝑒−𝑝 

𝑌 = 0 

𝑍 ≥ 2  

PpY ‰ Zq “ p´ pe´p ď p2, (1´ p ď e´p).

5VÇØ6�§Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 
U1, ¨ ¨ ¨ , Un i.i.d. „ Up0, 1q.

Ui Ñ pYi, Ziq, PpYi ‰ Ziq ď p2
i .

Y “
n
ř

i“1
Wi

d
“ X, Z “

n
ř

i“1
Zi „ P pλq.

dTVpL pXq, P pλqq

ď PpY ‰ Zq ď
n
ÿ

i“1

PpYi ‰ Ziq ď
n
ÿ

i“1

p2
i ď λδ.
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Ö¿

f : Rn Ñ Rm: ±R2 Ñ R1 �~, W “ fpX,Y q.

�{�!ÖCþ{:

ég, ¦�px, yq ÞÑ
`

fpx, yq, gpx, yq
˘

´�é��.

(1) -V “ gpX,Y q, ¦éÜ�Ý:

pW,V pw, vq “ pX,Y px, yq ¨

ˇ

ˇ

ˇ

ˇ

Bpx, yq

Bpw, vq

ˇ

ˇ

ˇ

ˇ

.

(2) ¦>��Ý:

pW pwq “

ż

pW,V pw, vqdv.

�{�!©Ù¼ê{:

FW pwq “ P pW ď wq “ P
`

pX,Y q P Dw

˘

.
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~(ÖCþ{). Np0, σ2
1q ˚Np0, σ

2
2q “ Np0, σ2

1 ` σ
2
2q.

�X,Y �pÕá, ÑÑlNp0, 1q. ¦L pσ1X ` σ2Y q.

Pσ2 “ σ2
1 ` σ

2
2. A “

1

σ

˜

σ1 σ2

´σ2 σ1

¸

´��Ý
.

pZ1, Z2q
T “ ApX,Y qT , KZ1, Z2 �pÕá, ÑÑlNp0, 1q.

σ1X ` σ2Y “ σZ1 „ Np0, σ2q.
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~(ÖCþ{). �X1, X2, ¨ ¨ ¨ Õá, Ñ„ Exppλq.

¦Sn “ X1 ` ¨ ¨ ¨ `Xn �©Ù.

P ~X “ pX1, ¨ ¨ ¨ , Xnq, ~S “ pS1, ¨ ¨ ¨ , Snq.

0 ă s1 ă ¨ ¨ ¨ ă sn,

p~Sp~sq “ p ~Xp~xq “ λne´λpx1`¨¨¨`xnq “ λne´λsn .

Sn „ Γpn, λq: @sn ą 0, pSnpsnq “

ż

‹

λne´λsnds1 ¨ ¨ ¨ dsn´1 “ λne´λsn
sn´1
n

pn´ 1q!
“

λn

pn´ 1q!
sn´1
n e´λsn .

L p~S|Sn`1 “ tq “ L pUp1q, ¨ ¨ ¨ , Upnqq, Ù¥U1 „ Up0, tq:

p~S|Sn`1
p~s|tq “

λn`1e´λt

λn`1

n!
tne´λt

“ n!¨
1

tn
, 0 ă s1 ă ¨ ¨ ¨ ă sn ă t.
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~(©Ù¼ê{). �pX,Y px, yq “ ppx, yq, -W “ X ` Y , ¦pW .

¦FW :

FW pwq “ PpX ` Y ď wq
::::::::::::::

“

ż 8

´8

ˆ
ż w´x

´8

ppx, yqdy

˙

dx.

�VÇúª: p‹‹q “ pXpxq

ż w´x

´8

pY |Xpy|xqdy, �

‹‹
::
“

ż 8

´8

pXpxqPpx` Y ď w|X “ xqdx.

�CþO�z “ x` y.

“

ż 8

´8

ˆ
ż w

´8

ppx, z ´ xqdz

˙

dx “

ż w

´8

ˆ
ż 8

´8

ppx, z ´ xqdx

˙

dz.

¦�:

pW pwq “

ż 8

´8

ppx,w ´ xqdx “

ż 8

´8

pXpxqpY |Xpw ´ x|xqdx.
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