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In this supplementary material, we provide the mathematical proofs, auxiliary lemmas,
and additional numerical results for the main manuscript. Section S.1 contains the proofs of
all propositions and theorems in Section 3, and the lemmas required are shown in S.2 together
with their proofs. Finally, Section S.3 presents additional numerical results that were omitted
from Section 4 due to space limitations. Throughout this supplement, all £? spaces, norms,
inner products, and kernel/covariance integrals on 7, 7y, and 7, x 7T, are understood with
respect to the design measures v, vy, and v ® v, respectively.

S.1. Proof of main results. This section presents the proofs of Proposition 3.1, Theorem
3.1, Theorem 3.2 and Remark 3.1 for scalar-on-function regression, as well as Proposition
3.2, Theorem 3.3, and Theorem 3.4 for function-on-function regression.

PROOF OF PROPOSITION 3.1. Without loss of generality, throughout the upper-bound
proofs below, we will assume that both (K) and H(IIT) are dense in £2. To prove the
operator (I' + \I) : H(K) — H(K) is positive definite, it suffices to verify the positive

definiteness of (I + A1) : £2(Tz,ve) — L*(Tz,vz). We first study the operator norm of
(IT+ AI)~V2(IT — ) (IT + M)~V e,

[T+ AD) ™2 (I = I (T + M) ™2

= sup (hy, (TL+ XI)~Y2(I1 = ID(IT + A1)~ 2hy) 2
hi,hail|ha || 2=]lhe | 2=1
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Denote the basic expansion form that hy = 220:1 arpr and he = 220:1 b Then the op-
erator norm is given by

sup <Z apr, (IL+ NI ~Y2(I — ) (IT + AT) /2 Zbkgok>
LQ

(@r,br)ez,

k=1 k=1
o o0
= sup <Zak(ﬂ+)\1)_1/2cp ZH+)\I 1/2bkgok>
(ar:br)iZs \ =1 k=1 L2
o

~

:( SU-I)) Z Z ak1bk2 Vi, + )‘) 1/2<7]€ + A) 1/2 <@k17 (H - H)@k2>
@bk )R oy =1 k=1

o oo 1/2 ~ L\ 12
< sup (Z Zailbi2> (Z Z 'yk1+)\ Yy +A) <¢k“( H)Sok2>52>

(ar:bk)721 \ o =1 kp—1 ki=1ko=1

L2

1/2
(Z Z (e, +A)™ ’ykz +A)” <<pk1,(ﬁ—ﬂ)<pk2>i2> ,

kl—l kz—l

where the supremum is taken over all (ay)?%, and (by)?%, with Y52 af => 20 b7 =1
and the fourth line is given by Cauchy inequality. To obtain a probabilistic bound of the last
line, we only need to consider its expectation. In the following proof, note that m, ; < m,
forall 7 : 1 <14 <n, for the brevity of notation, we treat all m, ; are the same and all m,, ; are
the same. All the arguments also apply to the situation when they are different. Specially

= —1/2 4% A — 1/2
<90k1’H90k2> , <Q0k17LK/ SKFS;( 1LK/ <1014?2>£2

<SKLK/ or DS L% >7—L(K)

— (s g, TsilL? >
< K i Pk K K Pk HK)

where the last line uses the fact Ly = S} Sk. Plugging the definition of IT in the above
formulation, we have

<80k1uH90k2>£2—<SK LK Pk SK LK (pk2>H(K)

1/2 1/2
me 5 2 X XL 00 (T (00 T
o(me T2
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~

Note that E [<<pk1, (I — H)npk2>£2} =0, we have

E |:<30k17 (I - H)C,Ok2>i2] = Var (<g0k“ﬁ(pk2>£2>

n

1 1 1/2 1/2
= Var *27 Z Xileijz(LK/ @kl)(Tijl)(LK/ o) (Ti5)
(1) .
1/2 1/2
:EVar _1 Z ij1 l]2 ]{/ (Pk’l)(j‘zjl)(LK/ 90]92)(7‘7«]2)
]17512
2
1 1/2
SE]E 2 Z ij1 l]z K @kl)(szl)(LK/ @kg)(Tijz)
T ji#ga

Expanding on the last line, it is equal to
2
1
nm2

2
1/2 1/2
> T X X (300 (T )L 00 (T,)
J1#£J2,J3FJa u=1

2
1/2 1/2
nm4 Z Z Hlezuleljzu(LI(/ @kl)(lezu,l)(LK/ ©1y) (T1j,,)
a=2  j1#j2,JsFja  u=1
[{j1,J2,J3,Ja }|=0a
Here, | A| refers to the number of elements in the set A that are different from each other. Now
we calculate each term with different |{jy, jo, j3, ja }|. For the case that |{j1, j2,j3,j4}| = 4,
we have

3

1 2

1/2 1/2

nmi Z HleQuﬂXuM(LK/ ‘Pkl)(lezufl)(LK/ Ok, ) (T1).)

v J1#J2.JsFja  u=1

{71,d2.95,da }|=4

1 2

S - (//T X(tl)X(tQ)(L}(/ZSOkl)(tl)(L%2S0k2)(t2)de(tl)dVr(t2)> ]
2 X Tz

(/7;)((75) }(/%kl)()dl/x ) (/X 1/2 )(t)dyx(t)>4]>l/2
(/TEX( }!2gok1)(t)dux(t))2]E[(/EX@)( %2@’“2)“)‘%“))1=71ﬂk17k2,

<1<E
n
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where the second inequality is given Cauchy inequality and the third inequality uses the
Assumption 1. Then, for the term that |{j1, j2, j3, ja}| = 3, we have

2
1/2
Bl > T X X (B 00) (T ) (300 (T
* 12 Ajs u=1
LI{J1,d2,53,J4}1=3

<

S B | [[[ e+ Pxex @) (L@ o )L o) )

+ (L) (00 (L on,) (80 (L1 on ) (02) (L1201, ) (8)

+ (L on,)? (tl)(L%Zgokl)(tg)(L}(pcpkl)(tg)) vy (t) dvs(to) dux(tg)]

For the first term, it is equal to

i ([ e+ o e o) ([ X0 o) @) 1)’

gn;z\/ﬂz{( /x<x<t1>+e>2<L%%kl> (t) dua(t) ] [ / X(ta)( K@kz><f2>d”w<t2>)1

<! /r (L2 0 )2(11) du (11)E

nMmy

2
1/2 Vi, 1/2
([ xeion e ) ] < T kg, I,
T nmy
where the first inequality applies Cauchy inequality and the second inequality uses the fact

E[(/E(X(tl)—|—6)2(L}(/24pk1)2(t1)dux(tl))z]
:EU/T . (X(tl)+51)2(X(t2)+52)2@%2%)2(t1)(L}</2sok1)2(tz)dvx(tl)dux(tz)}

S//TTXE(L%ZS%)Z(tl)(L%%kl)Q(b)dV:v(tl)dVa:(t2)= </TZ(L1/29%) (tl)dVa:(tl))Q-

Here, €1 and €5 are independent copies of €. By the uniformly bounded fourth-order moments
of X (¢) and € and the Cauchy inequality,

sup E [(X(tl) + 81)2(X(t2) + 52)2] <1.
t1,t2€T,

Thus, the measurement-error moments enter only the implicit constant, while Assumption 1
controls the fourth moment of the linear functional of X. Similarly, we can bound the third
term < g, HL}(/2 Pk, ||%2 /nm,. Meanwhile, a similar calculation implies that the second term
is bounded by the geometric mean of 'yk2||L}</2<pk1|| 2o/nmg and i, ||L r 2ok, | 22 /nmy.
Therefore, we have

2
7‘“’177,4 E Z H X1jou1 X1jan (L}(/2(,0k1 ) (le%_l )(L}(/Q(pkz ) (T1j2u)
4) * J1# g2, sFJa u=1
[{j1,J2,73,a }|=3
S —— (I E ok + e I3 2 22
nmy
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Lastly, we consider the case that for the term that |{j1, j2, j3,ja}| = 2, we have

&)

2
1/2 1/2
nmﬂ“: > Hlezuleljzu(LI(/ ) (T )L 00) (T,

J1#d2,JsF#ja u=1
[{71,52,33,J4 }|=2

< mizE [ / / (X (1) +e0)2(X (t2) +2)* (L 0k )2 ()L 01,2 (12)

(L3P0 (00) (L3 o) (0 (L o) (1) (L 1) (82) ) () v <t2>]

S ([ WPen PO (o) [@Pon 0 vt + ([P O o) O d0)?)

1 1/2 1/2
— L ok 12 1L o 2o
xX

Plugging (3),(4),(5) in (1) and (2), we have

E [<‘Pk17 (- H)¢k2>i2]
1/2

1/2
(6) < Vki Vko _i_’yleLK ¢k2"£2+7k2||LK SOk1H1:2 + HLI{/ §0k1H£2”LK (kaH[,Z
~oon nmy nm?2

1 1 1
5 Ek;2rk2f2r + W(k%sf%‘k;%‘ + k;Qrkgszr) + 72]{/,%3727“]{%5727"‘

x x

In (2), measurement-error terms vanish in the four-distinct-index case, while their expec-
tations in the three- and two-distinct-index cases are uniformly controlled by the fourth-
moment assumption. The corresponding numbers of index configurations are of orders m2,
n3, and m2, which yield n=!, (nm;)~!, and (nm2)~! after normalization. Hence measure-
ment error affects only the implicit constants, not the rate orders. Therefore,

Z Z Voo +A) (e, + )T <‘Pk1’ (- H)"Dkz>i2]

ki1=1ky=1
~ 2
< 27" 2r < _
kl_lkg_l
%) %) ]{2 2rk, 27’ ]{323 2rk, 27’ ]{325721"]{7%87271
N Z Z —2r 2r
M T ket (k1" + M) (ky +/\)

Note that

o)

S S, e
k2r+>\_k:11+/\k2r’“ o L1+ Az

v [T e
o 1+yr 77




and
i k23 2r i k.2s < o) xQS "
E=2r + A T4+ AE2 ™ Jo 1+ da?r
0 2s
_ )\—(28+1)/2r/ Y dy < )\—(25+1)/27~,
0 1 + y2’r‘ ~
we have

Z Z Yo + ) (0, + )T <‘Pklv(ﬁ_H)§0k2>;]

k1=1ky=1

—(2s+1)/2r\ 2
e

~ ml‘

where we use the fact 7 > s+ 1/2 and s > 1/2. Hence
() (T )™ 2(I = (I A1) ™0 = 0p(1).

This implies that, with probability tending to 1, the left side is less than 1/2, which yields

—%I < (T4 AD)~V2(IT - )(IT 4 A1)~ V/? < %1.

Furthermore,

-~

1
—y (AN ST T < (T4 D),

l\.')\r—t

Then

1 ~
SIHAN) < T+ A <

N W

(IT+ AI).

Recalling that IT + AT is positive definite, the desired result follows.

PROOF OF THEOREM 3.1. In this proof, we aim to bound
1/2 -1/2
€0 (8) = |ILE* (B — o) 2 = T2 Li (5 — Bo)l .

For notational simplicity, we denote f = L;/ 23 B and fo = L;/ Bo. Because g is not nec-
essarily in H(K), fo is not necessary in £2(T, v, ). Denote f = (IT+ )\I)_lﬂL;/Qﬁg. Then

(8) €6, (B) S ITLYV2(f = PliZ= + IT2(F = fo)lIZ-.

Now we mainly consider the first term (8). Rearranging the formula of the estimator, we
have

f=(T+A) 1121/%2 T, ),

=T+ \I)~ Z/ Xi()Bo(t) dva(t ZXUK i)
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Denote II that
Z/X OLg ) ZX L PR (T,

for f that (L%(/2 f) € L2(T,,vy), it easy to verify that E[ILf] = I1f. Additionally, we also
denote that

1 ¢ _
_n;ez ZXL1/2 Tij,-).

Now, we have

f= 014+ A) "o + (I + A1)~ gpm.

Then
(TH+AD)(f = f) =TLfo + gum — (T + M) f
=IIfo — Hfo+ AT+ A f — (I + XD f + gnm
= (L —10) fo + (I — T0) f + gom.
Therefore
F=F=F—F—@+AD A+ AD(f = ) + T+ XD~ T+ A (f - f)
©) = (I + XD NI —T0)(f — ) + [T+ D) (T - T0) fo

+ (XD ™Y = T0) f 4 (I 4+ M) " g

Choose v such that max{0,«/2} < v < (2r — 2s — 1)/(4r). This interval is nonempty be-
cause r — s > 1, > 1/2 and o < (2r — 2s — 1)/(2r). This choice implies 0 < v, 2v > «,
dvr — 2r + 2s < —1, and —4vr — 2r + 2s < —1. It immediately implies

ITE2(f = f)lIZe SITY2I 4+ AL~ (I = T |2, |1 (F — )iz
+ |[TIV/2 (I 4 AT~ (IT = T2 )12, [ 11272 fo | 2

(10)

+ HHl/Q(H+ AI)fl(ﬁ o H)Hfoz/Q 2

HopHl_[a/QfTH%2

+ HH1/2(H + AI)_lgan%?'
The first term on the right-hand side of (10) satisfies

ITT/2 (0 4+ A1)~ (I = TOITY|[2, |10 (F = £)|Z2
_ Op (nfl)\fl/(Zr) + (nmm)fl)\f(Qerl)/(Qr)) 0p(1)

=0, <n71>\71/(2r) I (nmz)q)\—(zsﬂ)/(zr)) '
Here the first factor is controlled by Lemma S.2.2, while Lemma S.2.4 gives
||Hl/(f N f)||%2 _ Op (n—lA—1+2lz—1/(2r) + (nmx)—1)\—14-21/—(254-1)/(27")) _ 0p(1),

where the last relation follows from the choice of A and 2v > «. The second term and the
third term can be bounded as

ITY/2(I0 4 AT) L (IT = I o722, |11/ fo |2

=0, (n—1>\—1/27‘ + (nmm)—l/\—(28+1)/2r> :



and

IT2(I -+ AL~ (I - I/

T2 F 2

I/ A1)~ (T =TI /2)2, (T2 (fo — PlI2: + [T/ o2 )

~0, <n—1>\—1/2r i (nmx)—l)\—(25+l)/2r> ,

where the last inequality is given by Lemma S.2.2 and Lemma S.2.1. Further, Lemma S.2.3
yields

HHI/Q(H + )\I)_lgan%z _ Op (n—l)\—l/2r + (’I’me)_lA_(zs_H)/Qr) )
Plugging the above several results in (10), we have
() I0/2(F = P)liFe = Op (n A7 + (mmy) A= E0/27)

Combining (8), (11) and Lemma S.2.1, we have

A~

850 (5) = Op ()\17(1 + nil)\il/%’ + (nmx)*l)\*(25+1)/2r> )

Then the desired result follows. O

PROOF OF THEOREM 3.2. In this part, we prove the lower bound. We only need to con-
struct a specific case satisfying this lower bound rate. By Assumption 2(a), the Mercer de-
composition of K is

K(s,t) =3 MoK ()oK (1),

=1

with \; <372 and r, < r — s. Denote [-] be the rounding function. In this specific case, we
set

(12) Pk = ¢[I;§(r—s>/rb](t)>

and

Cltr,t2) = k> pp(t1)on(t2).
k=1

Because (r — s)/rp > 1, it ensures that ¢y, # @k, if k1 # ko. Then

(o.9] oo
M= Liacrie =Yk Npo-o/m )9k © 0k = Y 1Pk ® P
k=1 k=1

It is easy to verify that the eigenvalues {~; }32 ; of IT satisfy v, < k~2" and the eigenfunctions

{pn )72y satisfy || Ly opl|2. < k=2079),

Step 1. To illustrate the first term in the conclusion, we assume that X;; = X;(7T;;) is ob-
served without noise. Theorem 1 in Cai and Yuan (2012) has proved that the convergence rate
lower bound which takes infimum over all 5 based on fully observed training data X;(t),Y;
is not faster than n~2"/(2+1) when o = 0. Note that

{3 : estimator based on X;;,T;;,Y;} C {3 : estimator based on X;(t),Y;},

when o = 0, the first term in Theorem 3.2 is deduced from Theorem 1 in Cai and Yuan
(2012). When « # 0, the proof is similar, thus we omit it.
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Step 2. Assume that X is a Gaussian process that X;(t) = > 72 | k™ *&inpr(t), where ;i
are i.i.d. standard normal variables; T;; are sampled from the probability measure v, on T,
and the measurement error ;s and e;’s are from normal distribution N (0, o%). Denote P; g,
as the distribution of (X;1, Xi2, ..., Xim,,Y:)” and Pg, as the joint distribution of P; 5, for
1 <4 < n. Fix arbitrary ¢, define

¥ (C(ﬂwﬂr) + 0%, J C(T;.,t) Bo(t) dvy ) _ ( Y11 212(50))

S CT)Bo(t) dve [ C(tr,t2)Bo(tr)Bo(tz) dve dvy + o ¥21(Bo) X22(Bo)
where C(Ea ,-TZT) = (C(E]7 z—%l))j,l € Rmmem’ C(E,t) = (C(Ela t)a C(ﬂ?a t)a ey O(E’mzvt))T
and C(t,T;") = C(T;.,t)". Conditional on the measurement points 77;s, the observations
(Xi1, Xi2, ..y Xim,, i) follows a joint normal distribution

(Xi1, Xiz, oo Xim,, Vi) T H{Ti5} 0 ~ N (0, %),

By the properties of the normal distribution, conditional on X/ ;s and Ti’js, the variable Y;
follows a normal distribution

Yil{Tij, Xij} 52 ~N (S21(B0) 217 X, Toa(B0) — Ba1(B0) E1; T12(6o))
= N(Mmm (,30), me (60))

where Xl = (X’ilu Xig, ceey leL)T

Note that the distribution in (13) depends on the true slope function 3. We consider 5y = (8
and By = f’ for different slope functions with ||3||%.,|3'||%: < Ci for some constant C.
Then, conditional on X ;8 and Ti’js, the Kullback—Leibler distance from P; g and P; g is

dP;
PP = [ (G52 ) s

(13)

(14) =E7 x [Dkr.(Pig(Yi|T, X)||Pi g (Yi| T, X))]
e () pn 2] 1y [Ea® S8
- 2ET’X[ S () ]+2ET’X [zmzw') S (F) 1]'

To bound the first term of (14),

(m, (B) = pm, (B))*] (B (8) — Ea1(8) S Xi)?
ET’X[ . (8) }‘ET’X[ S, (8) }

Note that 33,,,, (3') > o2, it is less than
072]ET,X [((221(6/) — X1 (/B))El_llXi')Q]
=0 Erx [(221(5') — 301 (8)) 21 Xi X5 (B (8) — 221(/8))T}
= 0'72ET [(221(5/) - E21(5))21_11 (221(5l) - 221(5))T] :

Recall that 311 = 02Im1, the above is also less than

o 'Er [|(Z21(8) — Z21(8))[13] =maoEr

([ enoe-nwano) ]

This implies

" 2
(15) LS (Nmz(ﬁz ) (g:;m(ﬂ))

] < mollLe (B = 8.
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Now we consider the second term of (14). Note that
( C(T;., T}) + 0 Iy, J C(T..4)Bo(t) dva(t) )
JCWT)Bo(t) dva(t) [[ C(tr,t2)Bo(tr)Bo(t2) dva(tr) dvy(ta)

is positive definite and it is equal to

In, 0\ (2 0 I, 21210
Yo X 1 0 . (By) — o2 0 1 ’

we have 3, (Bo) — 02 > 0 for 8y = 3 and 3. Moreover,

-

Y. (Bo) = Za2(Bo) — Za1(Bo) 11 Z12(Bo) < Ta2(Bo) < 0% + || Bol| %,

where the second applies the fact that the largest eigenvalue of the covariance function is 1.
Because || 3|%:,[|8']|%: < Cy for some constant Cy, we know

o2 < Y, (B) < UZ—i-Cl7
o2+ C1 ~ X, () o?

i.e. ¥y, (8) 71,0, (B) is uniformly bounded away from 0 and co. Note that there is a con-
stant Co that may depend on C and o that for any z : (02 + C1) " lo? <z <o 2(c? + C1),
it holds x — logz — 1 < C(z — 1)2. Therefore,

S (B) 1 Em.(B) lgcz)(Emz(ﬁ) 1)2

N 08 / /
o " (2 (8) ZT;I (ﬁ(;’)f o
My — 4Amy, — N 2
=Cs S (B2 <Coo ™t (B, (B) = . (8)
Note that
(S, (B) = T, (8))% <2 (S2(8) — E22(8))”
(17)

+2(Z21(8) S B12(8) — S (B) S T12(8) .
For the first term
(S22(8) — £22(8)* = (LB, B) e — (LB, B) 1a)° = (Le(B— B, 8+ B')2,
<L (B =Bz 18+ BlIz: <AC1|[Le (B - 8|2
Now, we bound the second term. Because X,,,, (80) > o2 for By = 3 and 3’, we have

(19) Y01(B0) 21 212(Bo) < Xa2(Bo) — 0 < || ol %2 < C1.

For the second term

(Z21(B)1 T12(8) = Bar ()51 T12(8)
= ((©21(8) ~ Su (8NS5 (2 (8) + 2 (8)) ")
< ((£0(8) ~Za (AN (S (8) — £a(5)")

((®2(8) + B (BN (Ba(8) + 221 (8))")

<4C1(Z21(B) — Sa1(8)) 1 (Z21(8) — S (8)) "
<4010 821(8) — Sa1 (B)3-

(18)

2

(20)
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where the first inequality is given by Cauchy inequality because X1 is positive definite, the
second inequality use (19) and the last inequality is due to X171 = 0%I,,, . Plugging (18) and
(20) in (17) and further (16), then taking expectation yields

Ym Ym /
@1 B | e 0 —tog S0 1] < Camall L8 - )1

where the constant C3 depends on C and o2. Combining (14), (15) and (21), we obtain
Dk (Pisl|Pig) < Camel|Le (8 — 8|2

where C} is a constant depending on C; and 2. Recall the observations from different sub-
jects are independent, we have

22) Dt (Pl[Py) < Canme | Lo (8 = 81z
Step 3. Now we construct the packing net. Set M = [C5(nm, )Y/ C1-a)r+25+1)] with a
large constant Cs determined later. Let @ = (a1, ..., aps) € {0,1}M, and define
2M
Ba = Z akaMflmk(a*l)rJrsgok.
k=M+1

First, we verify that || 1%/ 2L1_(1/ ?Ballz2 < 1. 1In fact,

oM 2

IIHO‘/QLf_(l/Q/Ba 2, = Z ak_MMf1/2Ha/2LI—(1/2k(a71)r+s<pk
k=M+1 [2
oM 9
_ Z a2 ML Drs HO‘/2L;<1/290kH <L
k=M+1 £
Additionally, we have
2M 2
HﬁaH%"’ _ Z akiMM71/2k(a71)r+sgok
k=M+1 L2
23
(23) -
_ Z ai_MM—le(a—l)r—l-Qs S 1.
k=M+1

By applying the Varshamov-Gilbert lemma, there exists a subset A C {0,1} such that:
|A| > exp (M/8), and for any distinct vectors a,a’ € A, the Hamming distance satisfies
Ham(a,a’) > M/8. Recalling (22) and (23),

DKL(PﬂaHPﬁa/) S./ nmxHLC(ﬁa - Ba’) %2

oM 2

Z (aka . a;f_M)Mfl/Qk(afl)rfsgpk
k=M+1

=nmy

[2
2M

= nm, Z (ak—M o CL;_M)2M_IIC2(Q_1)T_28
k=M+1

S nma:MZ(afl)rflel
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Take any ag € A, we have

1

2(a—1)r—2s
W Z DKL(P,BGHPE%) < Cgnm M (a—1) <bM/8

acA
forany b € (0,1/8), where the last inequality is given by taking the constant C5 large enough.
In addition, for any a,a’ € A,

oM 2

> (ak-ns — af_p )M PR,
k=M+1

1L (Ba — Bar |2 =

£2
2M
(24) _ Z (ak—M _ G%,M)2M_1k2(a_1)r
k=M+1

> M1 (2M)2(a*1)T Ham(a7 a/)
> 4C (nmx)72(1*0‘)7‘/(2(1704)7“+25+1)7

for some constant Cg independent of n. An application of Theorem 2.5 in Tsybakov and
Zaiats (2009) now implies

inf sup P (”Llc/Q(B )| > CG(nmx)*2(17a)r/(2(17a)r+23+1))

B Pz,€Qz,.
(25)
v/ 2
Zi 1—-2b— 2 —1—2b.
1+ /A log [A]
This completes the proof. O

PROOF OF REMARK 3.1. We only need to verify the result on || 3 — So |%, from the upper
and lower bounds, which suggests modifying the proof of Theorem 3.1 and Theorem 3.2. In
the modification, the fact that r = r, 4+ r., s = r. and o = 0 should be noted.

We first check the upper bound. Because that the eigenfunctions of K and C' are aligned
and the eigendecay are k=2 and k2", respectively, we have

R - _Te
Ly =<+ and Lo < [Tt

Therefore |3 — Bo||2: < [T (f — F)[|% + [[T1%00 70 (F — fo)[|%. Taking a v > 0 sat-
isfying 4v(ry, + rc.) — 21, < —1, we have

[T (F = )22 S0 (I A0~ (= T2 10 (F = )12
[T 70 (T4 A1)~ (T = T1)12, | fol %2
+ [T 7 (T AL~ (T — T [12, | 112
[T (T4 A1) ™ g2

Then a similar analysis with (10) implies the desired upper bound.
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For the lower bound, we also need to modify the proof of Theorem 3.2. It suffices to
replace (24) with

oM 2

18a = Barllze = || > (ak—ar — ah_p) M2k
k=M+1 e
2M
= > (e — g )M
k=M+1
> M~Y(2M)~?" Ham(a, a’)
> 40é (nmx)_QTh/(sz+4rC+1),
for some constant Cf, independent of n. Then the remaining proof is all the same. 0

PROOF OF PROPOSITION 3.2. This part is slightly more complex than the proof of
Proposition 3.1. We only need to show that

(T + M) : L2(Ty X Tay vy @ 1) = L2(Ty X Tay vy @ )
is positive definite for A that

Avlep (n’”z A (nm2)z55 A (nmylog=2n)"™ A (nmylog =2 n)"= A (nm2m, log > n)ﬁl> .

Denote ﬁm L2 (Tayv) — £2(7§c, vy) and ﬁyi : L2(Ty, vy) — L2(Ty, vy) such that

mzf— _1 Z i1 1]2 L1/2f)( l]l)(Kx)l/Q( iJ2s )
J1¢J2
and
~ 1
HyJ‘g - mi Z(L}(/Eg)(sll)(Ky)l/Z(Slla ')7
Y =1

where K1/2 is the function that L K12 = L%Q. Therefore,

~ 1 .
M4 A== Ty @Il + A
=1

1 e~ ~ 1
:EZHW@(H“ 52 ) @ T, + AT
=1 =1

(26)
PN o~ 1~
= Z(Hy,i - Hy) ® (Hac,i - H;t) + Hy ® a Z(Hx,i - H:v)
=1 =1

n-

For the first term in the last line of (26), denote AII := % o Al = %Z?ﬂ(ﬁy,z
I,) ® (T,; — I1,). We first analyze (IT + \I)~Y/2(ATI)(II + A\I)~*/2. Its operator norm is
expressed as

1T+ A1) "2 (AT (T + AL) 2o

= sup (hy, (IL+ N)™Y2(AID) (I + M) ™Y 2hg) o
hi,hail[ha|| 2 =]lhel .2=1
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where the supremum is taken over all hy and ho € L2(Ty X Ty, vy @ v) with ||hy]|z2 =
||ha||z2 = 1. Assume that

hy = Z Z AuvPuy  and ho = Z Z buv@uv-

u=1v=1 u=1v=1
with 3700, 572 a2 =372 5% b2, = 1. Then the operator norm can become
o0 [e.9]
sup <Z Z P, (TL+ AT T2 (AT (T + AT) /2 Z Z buvcpuv>
(@ ,buw) u=1v=1 u=1v=1 L2

= Sup Z Z a“lvl U2V2 (Vuﬂ)l + )\) 1/2 (7“21)2 + >‘> 1/2 <§0u11}17 (AH)()DU2’U2>

(a’“’b )U17U1 Uz,V2

1/ 1/2
Puivrs AH Sou2'02> 2
o (S tn) (S E Elipent)

(a’“’“ “”) U1,V1 U2,V2 U1,V1 U2,V2

1/2
= (Z Z (’yuﬂh + )‘)_l(lyuzvz + )‘)_1 <90u1v17 (AH)QOU2U2>%2> )

U1,V1 U2,V2

where the supremum is taken over all (@yy, byy) With 00 | 3¢ a2 =370 S0 b2 =
1 and the inequality is implied by Cauchy inequality. Recalling the definition of operator AII,

we have

E [{uens (A0, | = Var ((Puge,, (AT u,) 2)

1 1
27 ~n Var ({puvr (AL Puz0,) 22) S ﬁE |:<“)0u17-}17 (AHi)QPuzvz>%2}

1 ~ 2 ~ 2
=~ |(ot, (Mo~ s, ) B [(ot, (i =gt |,
n |: @ul ( B )SOUQ £2:| |: 901;1 ( Y, y)SO’UQ r2

where the last line uses the independence between S;;’s and 7;;’s, X;;’s. Similar to the deriva-
tion of (6) in the proof of Proposition 3.1, with the measurement-error moments again ab-
sorbed only into the implicit constants,

~ 2 ~ 2
E |:<S0£17 (Hx,z - H:c)90£2>£2:| < E |:<Q0£1,Hx7ﬁ0$2>£2:|
(28) )
Sul_Qrm —2r, 4+ ( 25— 27‘z 2” +u1—2rmu%s—2m) + >
my T

28—21, , 25—2r,
—5 Uy us .

Additionally, when vy # vo, we have

~ 2 ~ 2
E [<€0g17 (Iy,; — Hy)‘ﬂgz>£2} <E [<90%17Hy,i80%2> ]

L2

2
29 (ZL}Q% Su) L3 %, (S ))

m 2
71 - 1 -2 Y -2 Y
= Vo Vo E oY, (Sa)e, (Su) < —v; Moy T
My =1 My
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When v; = vy, under more careful calculations

E Wl? (s =)L) |

2
T (ZL%E% LIt (Sa >> - (B [Lie (s ny2e,sn)] )
(30)

— my(my — 1)(731)2 ||Q0 || )
mg v 1L

my (731 )2

4
¥, 12s = (V)2 Il N1 22

1 _ _
< v 2ryv 27y

~ 1 9
due to the condition ||, || 2+ < 1 uniformly. Plugging (28) and (29),(30) into (27) yields

E [(Pusons (A0
GD —2r, —2r,

25—2r, 25—2r,
v U ; _92 u - —92 u
<L 2 <u1 s 4 1 > <u2 o 4 2 )
My My My

S S Gl + 0 s + N 7E (@00 (A, ) 20

U1,V1 U2,V2

2
< 1 mxu72rm _i_u237271I
~ nm, E :mx(u—Qrz,U—%"y + )\>,U2Ty :

u,v

Therefore,

(32)

For = € [u,u+ 1] and y € [v,v + 1], each summand below is bounded by a constant multiple
of the corresponding integrand, uniformly in A € (0, 1). Hence,

u—2re 1 0o 0O 1
3 B —dudy
(uw=2rev=2M + Ny e 1+ Ju?e0?y Y ) T4 ArreyPTy

u,v

)\71/27‘14 if Ty > Tyy

SAAY2vlog(1/A)  if ry =1y,
ATL/2r if 7y <71y,

and
2s—2r, 2s 00 00 %
=D T mm S ——————dxd
uzv: (u*Q’"zv*ZT‘y =+ )\)1)27"y uzv: 1+ Au2raq2ry N/l /1 1+ )\:L‘QrIery xray
A—1/2ry if ry >ry(2s +1),

1 . :
S/l /1 T st g, G S A2 log(1/) - if e =1y (25 + 1),
A~ (2s+1)/2re if rp <ry(2s+1),
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where the last inequality applies Lemma S.2.9. We have

2
1 mxu—Qrm 4 u2s—2mc
nmy, Z Mg (u=2rs 02"y 4+ N)v?"y

U,V

~

N/ (ranry) o \=1/((r2/(25+1))Ary)

S ( nmy i nimzmy ) log’(n)
=o(1).
Plugging the above conclusion into (32), we have
>3 (o + N s + N E (B (AT gV | = 0(1):
Therefore,
I+ AL~ 2 (AT I+ AL) ™2 o = 0 (1).
This suggests that
—op(1)I < (T4 A1) ~V2(ATD)(TT 4+ M) "V2 5 0, (1)1,

where we denote that 0, (1) is nonnegative. Moreover, we have:
(33) —op(1)(IT 4+ AI) x ALl X 0, (1) (IT 4 ).

Now we consider the second term in the last line of (26). Similar with (7), we can obtain
1pl s s _
(L + A1) 72> (T — L) (T + M) ™2 o = 0p(1).
i=1

This implies

thus further
J RN
(34) —op()(I+ ) < T @ — > (M — ) < 0p(1)(IT+ D),
=1

where we use the fact that IT, ® (I, + AI) = II+ AIl, ® I < 1T+ CAI for some constant C'.
To study the third term in the last line of (26), we consider

10l s _
L, + AD) ™2 S ([ = T )(TL, + A1) 2
=1
1 ~
= sup (hy, (I, + )72 2N (1,5 — T0,) (T, + AL ™/ 2hy) o
ha,ho:|[hi || g2 =(ha]| z2=1 et
< DD NN <¢%1,n2(ﬂy,i—ﬂy)¢%2> ,
’1}1:]. ’U2:]. 1=1 EQ

where the establishment of the last line is similar to the previous results. Because

—2ry =27,
Uy "YUy

2

J RPN 1 ~ 2

E <so%1,n;<ny,i—ny>sozz>£ =B (e (- et ), | s B
1= 2
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where the inequality is given by (29) and (30). Now, we have

o x n 2
_ _ 1 ~
S AN AN TE <¢%’1,HZ(Hy,i—Hy)<p%2>

’U1:11)2:1 =1 L2

2 2
= =o(1).
~ nm vy 4+ A nm 14+ X2y | ™~ nm
Y \v=1 Y \v=1 Y

where the final o(1) follows from the relaxed condition A~! = o((nmylog™*n)"™). There-
fore,

n

191 ~ _
[[(ILy + AT) 1/252(Hy,i_ﬂy)(ﬂy+)‘f) 1/2”017:010(1)-

i=1
This yields

1 ~
—0p(1)(Iy + M) < — > (T = T1y) < 0p(1)(TLy + AJ),
which further implies

35)  —op(V)(IIy + M) @I, < — > (I — 1)) ® Iy < 0p(1) (L, + AI) @ 11

=1
Plugging (33), (34) and (35) in (26), we have

I+ AT 3= (1 — 0,(1))(IT + AD).

This implies the desired result.

Q\H

O]

PROOF OF THEOREM 3.3. For notational convenience, we still define f = Lf}l/ 2 B and
fo= Ll_(l/ ?B3y. Note that By is not necessarily an element of 7 (K), implying that fy may
not belong to L2(T, X Tz, vy @ vy). Let f = (11 + )\I)_IHL;/zﬂo. With these definitions in
place, we can establish the following inequality for the error
(36) Eso(B) SITTV2(f = P72 + ITTV2(f = fo)lZ-

To bound the first term, we denote II as the operator

n My

nmyZZ/ Xi(t) (L3l 1)(Sa, t) dvs (t ZXUL_I/2 (Sit, Tiji -, ),

=1 =1

for f that (L}</2f) € L2(Ty X Tayvy ® vy), it easy to verify that E[I1f] = I1f. Furthermore,
we also denote that

n my

Inm = 722 zl+e'Ll ZXZjL_l 2 ’Ll7 ij3 7')~

Yi=11=1

Similar to (9) in the proof of Theorem 3.1, we have
f—F=@+A )N ~T0)(f — f) + (L + X)L I - 1) fy

(37) .
+ M4+ A)YM =10 f + (T + XD Lgm.
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Let v be a value satisfying the inequalities
0<v, 4dvry—2r,+2s<-1, 4dvry—2r,<-1, 2v>a.

We need to verify that such a value for v is non-empty. Since 7, —s > 1/2 and r,, > 1/2, this
can be achieved by checking @ < (2r, —2s — 1) /2r;, and o < (2ry — 1) /27, which follows
from Assumption 3. Then we can obtain

T2 f = )2 SITE2(I0 4+ A~ (I = T2, 110 (f = F)|2:
a8) A+ [I2 (I A~ (I = IO /22 1172 fo | 22
+ Y2+ AL~ (I = T /22, [T/ £ 2,

+ I 2(I + A1) " g || %
For the first term, we have
T2+ A7)~ (I = T |2, 1117 (f — F)|2-
SO, (nil)\fl/%w + (nmy) TIAT@ D2 100 (1/0) 4 (nimy,) “IATY/ 2 log(l/)\)> op(1)

=o0p (nil)\fl/%‘” + (nmy) TIAT@ D2 1600 (1/0) 4 (nmy, ) TIATY/ 2 log(l/)\)> ,
where Lemmas S.2.6 and S.2.8 give
HHV(JE . f)H%Q _ Op <n71A71+2u71/(2rw) + (nmz)fl)\71+2V7(25+1)/(2r$) log(l/)\)

() AT R 10g(1/0) ) = 0,(1),

where the last relation follows from the choice of A in Theorem 3.3 and 2v > «; the resulting
polynomial margin absorbs the logarithmic factors. For the second and third terms, we obtain

T2 (1 4+ M)~ (IL = TIT /22 T2 fo 2

=0, (n_l)\_l/zm + (nmy) TIAT@HED2 10 (1/0) 4 (nmy, ) TIATY/ 2 log(l//\)) ,
and

T2 (IT 4 AZ) (I =TI /22, [T/ f 22

<2 DA - 22, (72 — ) + 072 o2 )

=0, (n—lA—l/% + (nmg) TIAT@IHD/2 1o6(1/0) + (nmy) TIATY/2r log(l/)\)) :

where the last inequality follows from Lemma S.2.6 and Lemma S.2.5. Furthermore, the last
term in (38) is bounded by Lemma S.2.7. Substituting the above results into (38), we obtain
the following bound

ITIV2(f = F)lIZe = Op (n™'ATV2 4 (mmy ) ~IAT B0/ 1og (1/4)
+ (nmy) TN 10g(1/0)),

where the first log term can be omitted when 7, # (25 + 1)r, and the second log term can be
removed when 7, # r,,. By combining (36), (39), and Lemma S.2.5, we arrive at the desired

result of £, (3):

(39)

0, (Al“”‘ + 0 IV 4 (amy ) TIAT G D2 160(1/0) + (nimy)) TIATY 2 log(1 /A)) ,
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where the first log term can be omitted when r,, # (25 + 1), and the second log term can be
removed when 7, # r,,. This concludes the proof.
O

PROOF OF THEOREM 3.4. The proof of this theorem is divided into two parts. The first
part establishes the first two terms of the conclusion, primarily leveraging the result in Theo-
rem 3.2. The second part proves the third term, which is analogous to a classical regression
problem. Without loss of generality, set 7, = T, = [0, 1].

Step 1. Let h = ¢} be an L2(T,,v,)-normalized eigenfunction of II,, = Lk correspond-
ing to 7 > 0. For the first two terms in the lower bound, consider the scalar-on-function
submodel in Theorem 3.2, with r = r,, and slope function j,, and set

Bo(s,t) =h(s)B.(t), Ui(s) = h(s)u;, e =0,
where u; ~ N(0, 1) is independent of all other random variables. Since Ly = Lgv ® Ly
and II =11, ® II,, we have

o 2 - 2
ez a5, = Gyt e s,

2™~

Thus, this construction satisfies Assumption 3(c) for every admissible c.
Writing

Zz = /7; Xl(t)ﬁx(t) dl/x(t) + g,

the response observations satisfy Y;; = h(.S;;) Z;. Hence the function-on-function experiment
is obtained from the scalar-on-function experiment by the parameter-independent random-
ization that independently draws the S;;’s and sets Y;; = h(S;;)Z;; it is therefore no more
informative than the scalar-on-function experiment.

For any estimator B based on the function-on-function observations, define

Balt) = [r h(s)B(s,t) duy (s).

Y

Because || h|| 2 = 1, the contraction property of the orthogonal projection onto span{h} gives

Es, (B HL1/2 Br — ﬁx)

L2(Tows)

Composing any function-on-function estimator with the above parameter-independent ran-
domization and then applying this projection produces a (possibly randomized) estimator in
the scalar-on-function experiment. Consequently, Theorem 3.2 yields the first two terms in
the asserted lower bound.

Step 2. It remains to prove the third term in the lower bound. For this lower-bound sub-
model, select distinct eigenfunctions {¢7 : w > 1} such that

L=y = /\ﬁm—sv%ﬁiv u>1.
Here the selection is possible because r,, — s > 73, Set 1, = u~2° and
o0
C(tlth) = Z/«M‘Pi(h)@i('@), Z/Ll/2£lu§0u

u=1

where the &;,,’s are independent Rademacher random variables. Then Lo¢? = p, %, and

Zﬂu [u(ra— >/rb]80u®90u ZVM‘Ji@‘Pﬁv

u=1



20

and hence
T, —2r, o\=171/2, = _ 1 _

Yu ~U ’ (’}/u) HLKJDQOuH£2_Mu =u
Thus Assumption 3(a) is satisfied. Since the chosen eigenfunctions are uniformly bounded
and s > 1/2, the covariance series converges uniformly, sup, E|X;(t)|* < oo, and the
Rademacher fourth-moment inequality verifies Assumption 1. We also set €;; = 0, U; = 0,
and let e; ~ N(0,02) be independent of all other random variables. For any g € £2(7,),
consider the slope function

2s

B(s,t) = g(s)(Ly2eb) (1),
Then

/X B(s, 1) dus(t) = g /X V(LM (1) dva(t) = (78) 2 (s).

Therefore the observations of the response satisfy

Yvil = ( )1/25119( zl) + ej-

Now give the variables &;;’s to the estimator as additional information. This only makes the
estimation problem easier, so any lower bound in this enlarged experiment is also a lower
bound for the original experiment. Define Z;; := (77 )~1/2¢;1Y;;. Then

Ziy=g(Sa)+e€n, =01 &eq ~N(0,0%/97).
Thus the problem contains the standard nonparametric regression subproblem of estimating

g from nm, observations. We consider 3y = g(s)(L%fgo’f)( t) and By = g'(s)(L%fgof)(t)
then the Kullback-Leibler divergence

(40) Dk (PslPs) < Crnmyllg — o'l Z-
Let M = [Ca(nmy)V/ A= +D] “where Cy > 0 is a sufficiently large constant. For
a=(ay,...,apn) € {0,1}M, define

2M

gals)= Y ar- M PEOTITQN(s),
k=M+1

and set fq(s,t) = ga(s)(L}(/fgo‘f)(t). We have

2
Ha/QL 1/2 _HHa/2 *1/2 ‘ ‘Ha/2 x
H ﬁ“ L2(TyxTa) el pa(7;) AU 2(7s)
2
I AV H(afl)/2
(’Yl) Y Ja £2(T)
2M
=0 Y ag MR () <,
k=M-+1

where the last inequality follows from 7Y < k=2,
Utilizing the Varshamov-Gilbert bound, one can identify a subset A C {0, 1} that satis-
fies |A| > exp (M/8), and for any distinct vectors a, a’ € A, the Hamming distance between
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them is bounded below by Ham(a, a’) > M/8. By (40),
DkL(Ps.1Ps,.) S 7myllga — ga[IZ:

2M

D (ak-n —df )M PO
k=M-+1

=Ny

£z
2M
= nm, Z (aka - az_M)2M71k2(a71)ry S nmyM2(afl)ry.
k=M+1

For arbitrary a € A, we have the following inequality
1
— > DkL(Ps,||Ps,,) S nmy M~V <bM/S,
|A| acA ’

for any b € (0,1/8), where the second inequality follows by choosing the constant Cy suffi-
ciently large. Additionally, for any distinct vectors a,a’ € A, we have

(7 @ Le) P (Ba = Bar)llZe = F 19 — 9arl| 727
2M

= Y (ah-nr —aj_py)? MR
k=M1

>4 M~ (2M)* D" Ham(a, a')
> 4C3(nm,,) ~ 20—/ 2(0=a)r,+1),

Here C'3 > 0 may depend on the fixed constant 7{ but is independent of n, m;, m,,. Applying
Theorem 2.5 of Tsybakov and Zaiats (2009) yields

inf sup P (850 (B) > CS(nmy)—2(17a)ry/(2(17a)ry+1))

B PeQ

> VAL () gy [ 2
1+ /A

This concludes the proof.

O]

S.2. Lemmas and their proofs. In this section, we present the lemmas used in Section
S.1 along with their proofs.

LEMMA S.2.1 (Deterministic error for scalar-on-function regression). Consider the

scalar-on-function regression problem, for §y satisfying I1%/ 2L;<1/ 260 € L*(Ty,v) and v
satisfying 0 < 2v — a < 2, we have

007 F = 107 L2 o 22 S A%,
where f = (IT+ \)~'TIL /% 5.

PROOF OF LEMMA S.2.1. Because HO‘/QL;(I/zﬁo € L2(Ty,vz), we assume that

[o.¢] o
1/2
Bo = E akLK/ wr  Where g 'yg‘az < 00.
k=1 k=1
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Then

f= (4 AT) 'L 25 =Y Tk o)
f= (A1) LBy ;%Hw

Therefore, we have

00 2 2 21/ «
vy v —1/2 2 2v ak)‘ )\
7 - Pl = 3o () <o “Z o}

1 k>1 (v +

Using Young’s inequality, when 2v — «v € [0, 2],

i + A > ,Yl(czV_a)/Q)\lf@ufa)/Q.
Hence, we obtain

007 F =10 L 2 Bo 72 S A%

The desired result follows. O

LEMMA S.2.2. Consider the scalar-on-function regression problem, if a < 1/2+1/(4r),
—4dar — 2r 4+ 2s < —1, 4br — 2r + 2s < —1 and Assumption 1 hold,

HH(L(H + )\I)fl(ﬁ - H)Hf _ Op(nfl)\flJrZafl/Qr + (nmx)fl/\fl+2a7(23+1)/2r)

b2
||op -
and

||Ha(1—[ + )\I)fl(ﬁ o H)Hfngp _ Op(nflAfl#»Qafl/Qr + (nmx)71)\71+2a7(25+1)/27')'

PROOF OF LEMMA S.2.2. We only prove the first result, while the second result follows

a similar argument. Consider the operator norm of I1%(II + \J)~!(Il — II)II"?, which is
defined by

[T (T 4+ A~ (I = I,y = sup (hy, TI*(T1 + A1)~ (I = IDTT%hy) £,
ha,ha:||ha 2=l hell .2=1

where the supremum is taken over all function h; and hy with ||hy||z2 = ||h2||z2 =1 in the

space L2(Ty,vy). Let hy = Y32, appr and ha = >3, by be the expansions of hy and

hs in terms of the orthonormal basis {¢y }. Then the operator norm can be expressed as

sup <Zak<ﬂk, Y+ A1)~ bzbk¢k>

(ak 7bk);3°:1

L2

[c. oo o]

= sup Y ar by (v + N T Pk (= g,
EQ

(ak’bk)k 1 k}l_l k‘z—l

1/2 '72(1’)/_% _ 9 1/2
an (33 ) (zz QB (o))

(akvbk)k 1 \ky=1ko=1 k1=1ko=1
L\ /2
Vi 71«2 < i
>3 oo (- Mg, ) ,
<k1—1 i Ok £ A)? £
where the supremum is taken over all (ay)?°, and (by)?°, with Y32 af =Y 22, b7 =1

and the third line is implied from Cauchy inequality.
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Now, we need to bound E[(¢y, , (T — 1), )2.]. Note that

1/2
(ou Tigr,) E:/ XL o) () 0) = 3° X (L4200 (T,
T =1
Then a similar analysis with (1)-(6) in the proof of Proposition 3.1 yields

~ 2
E [<9%, (I — H)‘sz>£2}
(41)
k28—27"k28—27‘.

1 1
< 7k—2rk—2r k23—2rk—27‘ k—27"k,25—27‘
SR Ry +nmz(1 o kTR + 2
Therefore, we have

(42)
2a,.,—2b
e ey = 2
Z Z pye <90k17(H_H)90k2>£2]
k=1 ko—1 (Vs
Z Z ry/ﬁ’ykz 2T 2r+7k28 2rp— 27‘_’_7]{,—27‘]{25 27’_'_7]{28 2rk2s 2r
/Vkl +)\ 1 2 2 x
> kl dar—2r 1 2 - 4br—2 1 2
— 1+ —Fk7° kT 1+ —k5°
ZkQT—F)\ (+mml>k2_12 <+mx2>
Note that
o0 —4ar—2r o0 —4ar+2r 00 —4ar+2r
ki K / z
M N M R
2 G RSy Ty
1+2a-1/2 oo y—4ar+2r 142012
L B RS WP SIS Ve
/0 (T 22
and

00 —4ar—2r+2s 00 —4ar+2r+2s oo ,.—4ar+2r+2s
ky ky / T
0

Z 2 e PRVIIN 2z
- (k™ +A) 1(1+)‘k51) (1+ Az?7)

k}lz

—4ar+42r+42s

— )\—1+2a—(25+1)/2r /OO Y dy = )\—1+2a—(2s+1)/2r

o (I+y7)?
The condition a < 1/2+1/(4r) guarantees integrability near zero in both preceding displays,
whereas —4ar — 2r + 2s < —1 guarantees integrability at infinity. We have

o k—4ar—2r 1 1

Z _127« : <1 + k%s) - )\—1—}—2(1—1/27‘ + 7}\—1—&—2(1—(23—&-1)/27".
el (kl +A) My My

Meanwhile, when 4br — 2r + 2s < —1, the second factor in the last line (42)

Zk4br 2r (1+ k )

k‘z—l
Plugging the above two results in (42), we have

2|5 5 ai o -ma),

k1=1ky=

S.; n71>\71+2a71/2r + (nmw)fl)\fl+2a7(23+1)/2r‘
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Then the desired result follows.

LEMMA S.2.3. In the scalar-on-function regression problem, recalling that

IR ~1/2
:ﬁzez ZX Ly K (Ti.0),
i=1
for any v € [0,1/2], we have
T (11 + )\I)—lgan%Q =0, (n—l)\—1+2y—1/2r + (nmx)—l)\—1+2u—(25+1)/2r> .

PROOF OF LEMMA S.2.3. Note that

o0

T (T + AD) ™ g |22 = D (I T+ A1)~ g, 1) 7
k=1
(43) -
2v
= (G o)
- 2 nms» 2
= (%t )
Recalling that
Gnm = 72 ZXUL 1/2 l]? )v
we have
<gnm7§0k L2 :< z ZXUL_I/Q l]? )7 k‘>
i=1 = 2
1 n
1/2
= <n elm Xz]K Ej")’LI(( 9016>
i=1 T =1 2
1/2
Ly e L S X e,
=1 x j=1
Therefore,

My

1
E [<gnm; 90k>£2 = Var Z €Z Z XU %QSDIC )

—Var elszu K/‘Pk)(Tlg)

n me
2
1 1 = 1/2
SoE || — > XL o) (Th))
n My

Expanding on the last line, we know it is less than a constant multiplied by

1
B [Xll(L}</2s0k)(Tll)Xlz(L}K/ZSOk)(Tm)} Rl— {Xﬁ(L}(/QSOk)(TM)Q
(44) !

1 1 1 1
= e e

T
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Plugging in (43), we have
21/

00
v 2
[HH (H+)‘I gan£2 ; ’Y +/\ gnm780k>£2]

k;—4l/7’—27’ 1 —4vr42s—2r

1 o0 [e.9]
’Sﬁz(k_%-i—)\ nmx; k.2r_|_)\

< 7)\21/—1—1/27‘ + )\21/—1—(25—1—1)/27‘.
n NMy

k74m‘+27“ 00 x741/r+2r
@ @@ < —  d
(1+ \k2r)2 N/O 1+ 222 ™

where the last line is due to

o) [e.e]

k*4l/7‘727‘

(k2 + 02

k=1 k=1

oo , —4vr+42r
_ )\2V—1—1/27’/ Y dy < \2v—1-1/2r
o (I4+y)2 =~
and
o0 k—4m‘+25—2r oo k;—41/r+25+27“ /oo :L‘_4VT+2S+2T
( 0

—_—— = — < ————dz
k72r + )\)2 — (1 + )\k2r)2 (1 + AxQT)Q
[e.e]
_ )\21/1(2s+1)/27"/ ) dy < \2v—1-(2s+1)/2r
o (I4y¥)? 77
Then the desired result follows from Markov inequality. O

k=1
—4vr+2s+2r

LEMMA S.2.4. Under the same conditions of Theorem 3.1, for any 0 < v satisfying
—4vr —2r +2s < —1,4vr — 2r +2s < —1 and 2v > «, we have

HHV(]E P = 0, (n—l)\—1+2u—1/2r I (nmx)—l)\—1+2u—(2s+1)/2r) .

PROOF OF LEMMA S.2.4. Using (9), we have

T (f = Pz ST+ AD I =T (f - )22
+ T (T4 A1)~ (I = 1) fo | 2
+ [T (T4 AT~ (T = D) f 2
+ I (L4 AD) ™ g 22

(45)

We bound the first term by
T (T + AN~ (T =T (f = )22
< T (I 4+ A1)~ (I = I3, T (F = )22
S op (I (f = )22,

where the last line applies Lemma S.2.2 with ¢ = b = v under the two exponent conditions
in its statement. The second term and the third term are bounded by

T (T + AL) ™ (T — IT) fo | 2
S I (I 4 AT~ (IT = T2 2 | 1172 fo |

— Op(nfl)\flJrQVfl/Qr + (nmm)fl)\fl+21/7(25+l)/2r)
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and
T (14 A7) ~H (I = D) f 22

ST (4 A7)~ (I = IO 22, (02 (F = fo) 2 + T2 foll =)

_ Op(n71A71+21/71/2r + (nmg) " IAT 2= (2541 /2ry
where we use Lemma S.2.2 and Lemma S.2.1. Lastly, Lemma S.2.3 implies

T (11 + )\I)ilgnmn%ﬁ =0, <n71>51+2u71/2r i (nmw)fl)\fl+21/f(23+l)/2r> ‘

Combining the above results, we have

HHV(]E _ f)||%2 =0, (n—1>\—1+2u—1/27’ + (nmz)—lA—1+2y—(25+1)/2r> .

Then the desired result follows. UJ

LEMMA S.2.5 (Deterministic error for function-on-function regression). Consider the
function-on-function regression problem, for 3, satisfying IT%/ QL;(I/ 2By € L2(Ty X Teyvy @ V)
and v satisfying 0 < 2v — o < 2, we have

007 F =107 L2 o 22 S A%,

where f = (1 + AT) ' TIL 2 8.

PROOF OF LEMMA S.2.5. Since Ha/le_(l/zﬂo € L2(Ty X Tz, vy ® vy), we assume that

1/2 2
Bo = Z auvLK( Yuy Where Z 73vauv < o0.
U, uv

Therefore, it follows that

2v—a

_ _ A\ A2y,
I’ f —11° L 1/2 22 — 2v ( Ay ) < su uv a CL2 < )\21/—04'
|| f K IBOHE Z’Yuv Yo + A = u,}? (’Yuv + )\)2 uz;’Yuv UV ~S

u,v

The desired result follows. O

LEMMA S.2.6. Consider the function-on-function regression problem, if 0 < a <1/2,
—4ary — 2, +2s < =1, 4bry — 2r, + 2s < —1, 4bry — 2r, < —1 and Assumption 1 hold,

10 (1T 4+ AT~ (T =TT 2, = O (LA~ b+ 20172
4 (nmx)—l)\—1+2a—(28+1)/2m log(1/)) + (nmy)—l)\—1+2a—1/2ry log(1/)))
and
N0 (1T 4+ AT~ (= TOTE2, = O (! A~ 1+ 2071/2r
i (nmx)fl)\fl+2a7(2s+1)/2rz log(1/)\) + (nmy)f1)\71+2a71/2ry log(1/))),

where the first log term can be removed when 7, # (2s + 1)r, and the second log term can
be removed when 7, # 7.
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PROOF OF LEMMA S.2.6. We provide the proof of the second result, as the first one fol-
lows a similar argument. We examine the operator norm of T1¢(IT+ A7)~ (IT — IT)TT~®, which
is defined as

T (I -+ A1)~ (I — IDIT|op

- sup <h1, T (I + A1)~ (T — H)H*bh2> ,
hl hzeﬁz(n ><7—1- l/y®l/m) L2
sl z2=lhall 22 =1

where the supremum is taken over all hy and ho € L2(Ty X Ty, vy ® v) with ||hy]|c2 =
||hal|c2 = 1. Assume that

00 oo 00 oo
h1 = Zzau’u@uv and ho = Z Zbu’u@um

u=1v=1 u=1v=1

with the constraints Y oo | >°°° a2, =32 5% b2 = 1. The operator norm can then be
expressed as:

sup <ZZaw%v, HUEDY ﬁ—n)n—biibwgpw>
[:2

(@uw,buv) u=1v=1 u=1v=1

= Ssup Z Z Qv uwz’)’ulvl (Yuro, + )‘) 1717261;2 <()0'U41U17 (ﬁ - H)‘Puw2>

(a’“”b’”) U1,V1 U2,V2

L2

()2
(pu1'U]7 H(pUQUQ
sup (Z Z Qyyy0y u2v2> Z Z £

2~,2b
(auU7 uv Up,V1 U,V Uy ,V1 Us,Va 7“11)1 (’Yulvl + )\) 7’[L2’U2

1/2
) = 2
Z Z ’Yulvl ’yuﬂh + )‘) ’Yuzvg <()0U11)17 (H - H)@U2v2>£2 )

U1,V1 U2,V2

where the supremum is taken over all @y, byy) satisfying Y00 | S°°¢ a2 =370 3¢ p2 =
1 and the inequality follows directly from the Cauchy-Schwarz inequality.
Recalling the definition of the operator II — II, we have
~ 2 ~
E |:<90u17)17 (H - H)‘Puzv2>ﬁ2:| = Var (<§0u1v1 ) H‘Pugvg>£2)
1 1 - 1/2 1/2
= ﬁval" WZ Z Xij, Xij, Ly @ulvl(silaTz‘jl)LK Pusvs (SibTijg)
=1 j1#j2
2
1 X 1/2
S—a 5B Z Z XUlXZJzLK Soulvl(sil?j—‘ijl)LK Pusv, (it Tijz)
nmgmsg =iz
Note that

LY 00 (Su, Tij) = LY20Y(Si) LY 202 (T3),
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and that S;; are independent with 7T;;, X;;, we have

2
(Z LY (Sa)Lil2el. (Sa >>

2

o L ) e

(46)

1/2 1/2
B ST X X L2t (T, ) Lot (Tig,)
J1#j2
Similar to the derivation of (6) in the proof of Proposition 3.1, with the measurement-error
moments again absorbed only into the implicit constants,
2

1 Z 1/2 1/2
47 m2E Xl]lxlsz[{/T @il (Ejl)L[{/T (pﬁz (T'ljz)
(47) r J1#d2

2r$ 27”1 +mz( 25— 27”1 27} +u —2r, 28_2”)4—@6%8_2”’&%5_2”.

<m2u] uy

Additionally, when vy ;é v,

2
(Z L2y (Sa) Ly %J&z))

(48)
my 2
2, —2
= Yo, Vo, B (Zﬁl(sﬂ)@gz(sﬂ)) Smyvy g
=1

When v1 = vy, we have

2
1/2 1/2 —4r,
(49) (Z L2 oY (Sa)Lilte, (S )) Sm s A8 Iz Smivy .
Combining (46) and (47), (48), for v1 # v

E [<90u1v17 (I - H)wuzv2>2 }

L2

—2r, —2r,
D) 2,72y,

2” 25—27‘1 2” 21, 25 27, 28—2r, 25—27‘m
< (m (™ + mg(uj +uy )+ uj )

nm2my
Using (49), we have, for v; = vy

~

2
E [<4Pu1vm (H - H)‘Puwz>£2]
—4r,

v
1 2 27"1 —2r, 25— 2rT 271T —2r, 28—27, 28—2r, 28—2r,
< . (m Uy "y T mg (uy +uy “ug ) +ul u )
T
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Hence, we have

Z Z ’Yulvl f)/ulvl + A)i ’vang |:<90U1U17(ﬁ - H)¢U2U2>2 :|

[2
U1,V1 U2,V2

<szu

U1,V1 U2,V2

—2r, 2—2r$+m$< 25—2“ QT”—I—U 27, gs 2r1)+u25 27 %s—Zm

2 —27‘z 27’y 4a7‘, 27”y+4ary —4br,  2r,—4br,
nmgmy, (uy + A2y vy Uy "y

(50) N Z m 2u; —2r, _2”—0—mx(u%9 2r, —2Tm+u1—2r,ugs—2r1)+u

nm2 (ul 27’,1} 27, + A)2u4am 2—4brmv4(a b+1)r,

28—2r, 25—2Tm
Uy

Uy,U2,v

25—2r, 25—2r,

—27r,
1 Mgy +uj

< Myt 52 4 us
~ —2rT 27'?, 2. 4dar, , 2ry+dar, Z —4br,, 2ry74bry
Ny my, (ug + A)2u o) varme Mty U5

2 —2“ 2“+mz( 25— 27”1 2T*+u_2” 25— 2rl)+u%s—2n 25—2r,

n Z mgzUy Uy Uy Uy
2 2ry v—2r 2,,4ar, —4brm 4(a—b+1)r
v nm2(uy v +)\) ul " uy P )ry

Because —2ry + 4bry, < —1 and 4br; — 27, + 25 < —1, we have

25 27

2r —4br ~
meQ 4b7‘z 2 Y Y

U2,V2

Under the standing conditions, 0 < a < 1/2, 7, —s > 1/2, and 7, > 1/2 ensure that the
changes of variables below are valid and that the exponents to which Lemma S.2.10 is applied
are greater than 1/2. Additionally, the same unit-square comparison, followed by Lemma
S.2.10 yields

74ar£+27“1 y —4ary,+2r,
Z 2 2r 4 27’ +4ar / / 270,27y, \2 dxdy
( =27 4Ty +)\)2 arg 32Ty v 1 + Ax2rey y)

51 0o 00 _9
(51) 5/ / (1 4 At?m/(l+2(172a)r1)t§ry/(1+2(172a)ry)) dtldtg
1 1

5 )\—1+2a—(1/2'r1\/1/27"y) log(l//\),

where log(1/)) is not necessary when 7, # r,,. We also have

23 27, [e’e) 23 4ar,+2r, y —4ary,+2r,
Z 9 2r o dar, 2r,+aar / / o drdy
(uy ™ wp 7+ AP2ug ™o T (1+ Az2r=y2ry)

U1,V1 ul
(52) / / 1+)\752r7/(1+2(1 2a)TT+28)t§ry/(1+2(172a)7"y)>_2 dtydty

< AT 1H2a (@51 )/2 V120 1661 /),

where log(1/)) is not necessary when r,, # (2s + 1)r,. Combining the above three inequal-
ities implies

25—2r, 25—2r,

—27r,
1 e + uj

MUy S 4 us

27, —2r, 4ar,, 2ry+4dar, Z —A4br,,  2r,—4br

nm @ v 2 z y v T y y
Y U1,V1 I(ul Uy + )‘) Uy Gt Uz ,V2 Mgty )

(33)
< )\—1+2a—(1/2r$\/1/2ry) log(l/)\) N )\—1+2a—((23—&—1)/2”\/1/2”) 10g(1/)\)

~ Y

Ny MMy
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where the first log(1/)) is not necessary when r,, # 7, and the second log(1/)) is not nec-
essary when r, # (2s 4 1)r,,.
Now we bound the last line of (50). First, we have

—2r, 5 —2r, 1—4arw+2mv74(afb)ry

> Ikt S
(up 2" 0=2ry 4 \)20 e gy A0rs pAla—bir, (14 Mufrev2ry)2

Uy,uU2,v U,V

00 00 x—4a7‘$+27’m
<
~ /1 Z (1 + sz’l‘m ZQT’y )224(a—b)7“y dxdz

0 t72a+1/27‘z 0
< )\—1—&-2(1—1/27‘1/ dt/ Z—’/‘y/rm—2(1—2b)7‘ydz
~ o (1+1)? 1

—14+2a—1/2r,
SA 2re,

where the first inequality uses the condition 4br, — 2r, + 2s < —1 which implies that the
summation series on uy converges, and the third inequality sets ¢t = A\x?"=z?"v. Similarly, we
have

—27‘, 2s—2r,
Z Uy Uy
27— 2, dar, —4bn 4(a—b+1
St (u] 02" + X)2u; v )Ty
—4GTT+2TT —4(a—b)ry,
< § : 2U S)\—1+2a—1/27‘m'
Tx 5,27 2
o (1+ Auj™=v?)
In the same fashion, we can establish that
25—2r, —2r, 2s—4ar,+2ry , —4(a—b)r
) s > (e
2ry, —2r, 2, 4ary, —4bry  A(a—b+1)r, ~ 2re 27,2
wiad o (a2 4 A) 20 My e Jre T (L Auy o)
2s—4ar,+2r,
T _ _
drdz 5 A 14+2a (28+1)/27‘m’
1 4+ \x2re Z2ry)224(a7b)ry

an

25—2r, , 25—2r,
Uy Uy < \~l+2a—(2s5+1)/2r,
2 Ty AP e S

U1,U2,V
The above four results bound the last line of (50) by

2n 2rw+mz(u%s 27”1 27} +u—2n 28—2”)_’_@6%5—2“”%5 27,

> T
(58 b nm2 (ug *"* v~ 2“+A)2u4““ y repdla=bin,

S nfl)\fl+2afl/2rw + (nmz)fl)\fl+2a7(25+l)/2rw.

Plugging the (53) and (54) into (50), we obtain

~ 2
Z Z FYuwl /yul'Ul + )‘)_ 'U»22'Ub2:[E |:<90u1v17 (H - H)@U2U2>£2:|

U1,V1 U2,V2

S n—l)\—1+2a—1/2rw + (nmz)—l)\—1+2a—(2s+1)/2rw + (nmy)_l/\_1+2a_(1/2”\/1/2”) log(l//\)
+ (nmmmy)—1)\—1+2a—((25+1)/2rmvl/2ry) log(l/)\)

< n—l)\—l—i-Qa—l/QnE + (nmx)—l)\—1+2a—(25+1)/2rm IOg(l/)\) + (nmy)—l)\—l—l—Za—l/er log(l/)\),

~y
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where the first log term in the last line can be removed when r,, # (25 + 1)r, and the second
log term can be removed when 7, # r,,. Then the desired result follows.
O

LEMMA S.2.7. In the function-on-function regression problem, recalling that

n My

gnm_izz 'Ll+ezl ZXZjL_l/Q 1l7 ij3 7').

=1 =1
for any v € [0,1/2], we have
||H1/(H + )\I)_lgan%z _ Op (n—l)\—1+2y—1/2rw + (nmx)—lA—1+2l/—(2s+1)/2rm 10g(1/>\)
+ (nmy)—lA—1+2l/—1/2'ry 10g(1/)\)),

where the first log term can be removed when 7, # (2s + 1)r, and the second log term can
be removed when 7, # 7.

PROOF OF LEMMA S.2.7. Note that
T (I 4+ AD) ™ gl 22 = D (I (TL+ L) ™ g, Pun) 22

u,v

7uv 2
—Z (o + )2 5 {gnm, Puv) 22

Recalling the definition of gy, in the function-on-function regression problem, we have

n My

<gnm,§0uv L2 = W ZZ il + ezl ZXU K quv Sllvj—‘ij)~
Yi=11=1
Thus, we have
n My Lz
1/2
E[<gnm7 (Puv>%2} = Var ZZ i+ ezl ZXij(LK/ (Puv)(silaTij)
i=1 1=1 Ma j=1
1 1 1 o
=~ Var [ — > (Ua+en)— Y Xi(Li*0u)(Su, Tj)
" My 14 Me 523

Because (L *¢u) (it Tij) = (Litaol) (Sa) (L2 (Tig) = ()24 (Sa) (Li20%) (Tig),
we have

Yy My
Yo 1 1/2 &
El{gnm. pun) 2] = - Var | —= > (U + ea) - ZXM (L2 o))
Yi=1
_ 2
(55) < g — > (Ua+ea)l(Sa)— > Xy (Li202)(Tg)
n my ma

2

n

] ; ,
g 1 Y
_og ( Z(Uiﬂreiz)s@%(su)) Ell ZXZJ (Li202)(Ty)
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For the first factor in the last line of (55),
1 & ’ 1
E || —) (Ua+e)pd(Su) | | S—+ (¥ Lovel) e
my =1 My

where CV is the covariance function of U, i.e. OV (s1,s2) = E[U(s1)U(s2)]. For the second
term in the last line of (55), a similar analysis with (44) implies

1 & i 1
E || > Xu(LZet)(Ty) | | Su e+ ——u? 2,
My = My
Then, plugging the above results into (55) yields
2 ,U—2ry —2r, 1 25—2r, 1 Y Yy
El{gnm, Puv)p] S —— (™" + —u™ "7 )(— + (¢}, Lev oY) £2)
My My
Therefore,
1 2 Yau 2
E [HHV(H + AI)_ gnm”£2] = Z %EKgnma §0u1)>L2]
o (Yuw +A)
1 ’U,_4llrm U—4ufry —2r, 1 1
< = —2r, T 25=2ry\(_— Y Lovo?) e
66 S 2 e T T G et Lot e)
1 U_4VT'“” +2r, U—4yry +2r, 1 1
<= 14+ —u®)(— Y Lovol)r2).
~n Z (1 + )\UZ’I"I/U2T‘y)2 ( + mxu )(my + <S0v7 CU<JO1)>£ )

It is easy to see that

741/7 'l'+21 T 74]/7 +27
( )<7 ’U?LCI )é ’U>£2

w,v (1 + Au2rep?ry )2 My
)\21/—1 1 )
s
= Z (1 4 )\u27’mf027’y)1+21/ (1 + Tnj“ )((p%, LCU(P%CQ
u,v

)\2u—1 1 )
< Z (14 Au2rs)1+2v (1+ n,TxU °) Z(‘P%v Lovey) 2
u

v

5 )\21/—1—1/271? + L)\QV—I—(QS“Fl)/ZI’m’
My

where the first inequality is due to 1 — 2v > 0, the second inequality uses the fact v > 1, the
last inequality is because the trace Y, (¢¥, Lovgy) 2 < 0o, and

1 () 1 00 )\—1/2” B
> < do= [ —C  —— _dy <AV
” (1 + Au2rm)1+2u ~ 0 (1 + /\$27’m)1+2u 0 (]_ + y2rm)1+2u ~

and

uzs 142 S /OO xzs 112 dx = /Oo %dy < A_(28+1)/2T“”_
Tz v Y Tx v T v ~
Zu (1+ Au?) o (14 a2 . ()

Additionally, (51) and (52) yield

u741/rm +27, v —4vry+2r,

Z (1 + /\u27‘mv2ry)2

u,v

5 )\—1+2V—(1/2rmvl/27‘y) log(l/)\),
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and
’LL25_4VT”” +2r, U—4W‘y +2r,

(1 + Au2r=v2r)?

S )\—1—&—21/—((234—1)/271,\/1/2@) 10g(1/>\)

u,v

where the first log term can be removed if r, # r, and the second log(1/\) is also not
necessary when r, # (2s + 1)r,. Plugging the above results into (56), we have

E [0 (I + M) ™" g1 22
5 n*l)\fl‘i’QV*l/QTI + (nmz)flAfl+2Vf(28+l)/2rI log(l/)\) + (nmy)flAfl+2ufl/2ry log(l/)\),

where the first log term can be removed when 7, # (2s + 1)r, and the second log term can
be removed when 7, # r,,. Then the desired result follows. ]

LEMMA S.2.8. Under the same conditions of Theorem 3.3, for any 0 < v satisfying
dvry — 21, +2s < -1, 4vry — 2ry < —1 and 2v > «, we have

”HV(JE - f_)H%Q _ Op(n_l)\_1+2y_1/2” + (nmm)—l/\—1+2u—(25+l)/2r1 log(l//\)
+ (nmy) TIATIF2 L2 log(1/X)),

where the first log term can be removed when r, # (2s 4 1)r, and the second log term can
be removed when 7, # 1.

PROOF OF LEMMA S.2.8. From the same analysis as (9), we obtain
T (f = P22 SIT AT+ A0~ I =T)(f = )22
+ [T (T4 AT) ™ (T = 1) fo 2
+ [T (I 4+ A1)~ (T —T0) £ 72
+ [T (T + A1) ™ g |2

(57)

We can bound the first term as
T (L ML)~ (I = TD)(f — f)IIZ
S I (I AL~ (I = IDITY|[Z, T (f = £
< op(WIT(f = P2,
where the last inequality follows from Lemma S.2.6, given 0 < v, dvr, — 2r, + 2s < —1,
4vr, — 2r, < —1. These conditions imply 0 < v < 1/2 and —4vr, — 21, + 2s < —1. As-
sumption 3(c) supplies the conditions in Lemma S.2.6 for b = /2. Hence all subsequent

applications of Lemmas S.2.6 and S.2.7 in this proof satisfy their stated parameter restric-
tions. Next, we bound the second and third terms

T (I + A1)~ (IT — I0) fo | 72
< (I (I 4+ M)~ (I = IDTE/212 1172 fo | 22
— Op(n—l)\—1+2V—1/2Tm + (nWLx)—1)\—1—i—21/—(2$—&—1)/2'r0C log(l/)\) + (nmy)_lA_1+2V_1/2ry log(l/)\))

and
J[T17 (I + AT)~H(I1 = I0) f1| 72

~ _ 2
S0 (T ML)~ (= T2 2, (T2(F = fo)lls + 102 o 2 )

_ Op(nfl)\flJrQVfl/Qrz + (nmz)flAfl+2Vf(28+l)/2rI lOg(l/)\) + (nmy)flAfl+2ufl/2ry 10g(1/)\))7
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using Lemmas S.2.6 and S.2.5. Finally, Lemma S.2.7 implies
T (IL+ A1) ™ grm |22

_ Op(n—l)\—1+21/—1/2rm + (nmx)—l)\—1+21/—(28+1)/2rm 10g(1/)\) + (nmy)_lA_1+2l’_1/2” log(l/)\))

Combining the above results, the desired conclusion follows. O

LEMMA S.2.9. Given A € (0,1) and positive constants a,b > 1,

o e ALY if a>b,
—— —dazdy < C { AUP ifa=b

/1 /1 T3 oaags 0y < ATY0(1 4 log(1/X)) %fa ,
\~Ya ifa<b,

where C' = C(a, b) is a constant depending on a and b but independent of .

PROOF OF LEMMA S.2.9. When a > b, let t = Az%°, then

oo o o0 y=(b=1)/b (/)
/ / %dxdy =b A / L / o bdx
1 1 1+ )\x“y A 1+1¢ 1

—(b—1)/b
< AL/ /Oo udti AL/,
A 1+t
When a = b, we have

o0 oo 0o y=(b=1)/b  r(t/N)*
/ / o Sdwdy =b AP / ———dt / 2= dx
1 J1 14+ A 1+1 1

< )\—L/b mﬂ < )\—L/b
<A T3 log(t/N)dt S AP (1+1og(1/N)).
A

When a < b, similar to the case when a > b, we have

o0 o0 1
—— _daxdy <\,
/1 /1 1+ Azagyb LY

The desired result follows.
LEMMA S.2.10. Given X € (0, 1) and positive constants a,b > 1/2,

o e . A1/ if a > b,
/ / —————dedy < C{ AP (1+1log(1/)) ifa=b
1 4+ \xaqyb)2 - ’

v (A Ao ifa<b,

where C' = C(a, b) is a constant depending on a and b but independent of .

PROOF OF LEMMA S.2.10. When a > b, let t = A\z%°, then

%0 poo 1 00 4—(b=1)/b (t/\)/
—  _dxd :b—lxl/b/ dt/ —a/bg
/1 / (1+ Azayp)2 Y R o

0o +—(b—1)/b
,sxl/b/ COR A,
ro (141)?
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When a = b, we have

0o oo 1 oo 4—(b=1)/b (/)
. _dxd :bl)\l/b/ dt/ —a/bg
/1 /1 (1+ Azay?)2 Y v A+ o

0o 4—(b=1)/b
S A‘l/b/A Tz st/ Ndt AP (1 +log(1/2).

When a < b, similar to the case when a > b, we have

o0 o 1
_dzdy <AVe
/1 /1 (14 Aaeypy2 0

The desired result follows. O

S.3. Additional numerical results. In this section, we present additional simulation re-
sults that were omitted in Section 4. Specifically, Tables S.1 and S.2 report the results under
the Legendre-polynomial design for the scalar-on-function regression problem in Section 4.1
and the function-on-function regression problem in Section 4.2, respectively. The parameter
setting is kept the same as in the main text, while the predictor process is generated from the
shifted Legendre polynomial basis instead of the cosine basis.

TABLE S.1
The Monte Carlo averages and standard deviation (in parentheses) of the error £ Bo of the proposed method and
the other five benchmark methods, for scalar-on-function regression with Legendre design.

n m Proposed FullyRKHS Plug-in IN PACE MC
50 3 0.5969 (0.3908)  1.1927 (0.6283)  0.9754 (0.9018)  2.2280 (1.9076)  1.8539(3.0333)  1.4595 (0.8550)
50 6 0.2932(0.2061) 0.6151 (0.3357) 0.4728 (0.4107) 0.8277 (0.6169)  0.5080 (1.5598)  0.6865 (0.3770)
50 10 0.1626 (0.1285) 0.2938 (0.1969)  0.3563 (0.2792)  0.4542 (0.2868) 0.3313 (0.9622)  0.3272 (0.2230)
50 20 0.1102(0.0896) 0.1471(0.0959) 0.1846 (0.1389) 0.1876 (0.1338)  0.1067 (0.0768)  0.1441 (0.0895)
100 3 0.4484 (0.3037) 1.0695(0.4663) 0.5588 (0.4510) 1.8206 (1.4538) 1.6142(3.3726) 1.1916 (0.4659)
100 6  0.1705(0.1287) 0.4623 (0.1873)  0.3291 (0.2174)  0.6313 (0.2970)  0.3981 (1.3964)  0.4817 (0.1801)
100 10 0.1017 (0.0839) 0.2553 (0.1373)  0.2166 (0.1468)  0.3481 (0.1943)  0.1554 (0.1237)  0.2627 (0.1395)
100 20 0.0592(0.0486) 0.1198 (0.0577) 0.1180(0.1052)  0.1629 (0.0992)  0.0838 (0.0740)  0.1254 (0.0589)
200 3 0.3381(0.2111) 0.9882 (0.2533)  0.4147 (0.2945)  1.8225(1.1086) 0.6416 (2.0476)  1.0520 (0.2777)
200 6 0.0949 (0.0732) 0.3921 (0.1147)  0.2626 (0.1755)  0.6724 (0.2279)  0.2022 (0.1409)  0.4039 (0.1147)
200 10  0.0659 (0.0615) 0.2241 (0.0798) 0.1610(0.1130)  0.3028 (0.1194)  0.1212(0.0910)  0.2284 (0.0850)
200 20 0.0330 (0.0204) 0.1021 (0.0390)  0.0681 (0.0632)  0.1307 (0.0734)  0.0481 (0.0500)  0.0989 (0.0378)

TABLE S.2

The Monte Carlo averages and standard deviation (in parentheses) of the error € Bo of the proposed method and
the other five benchmark methods, for function-on-function regression with Legendre design.

n me My Proposed OPFFR-S IN PACE MC RKHSPCA
50 3 3 1.2003 (2.5519)  6.0646 (8.7640)  2.5135(1.3869) 2.2826(2.6002)  2.2597 (1.2515)  1.3592 (1.8245)
50 6 6 0.5433(0.4860) 9.3907 (25.9140)  1.1715(0.5343) 2.7042(9.2213) 1.1683 (0.5856)  0.7611 (0.5451)
50 10 10 0.4137 (0.2068) 2.2702 (13.4549)  0.7226 (0.2842)  0.7723 (1.1082)  0.7987 (0.3691)  0.6978 (0.6102)
50 20 20 0.2698 (0.1520)  0.3657 (0.1682)  0.4631(0.1729)  0.2988 (0.1245)  0.5358 (0.2324)  0.5517 (0.2722)
100 3 3 0.6563 (0.8342)  8.0053 (19.9908)  2.1049 (0.8571) 2.4663 (3.7791) 1.7488 (1.1667)  0.8208 (0.6584)
100 6 6 0.3775(0.1929)  3.0308 (5.8192)  0.9577 (0.3038)  1.1401 (1.9415) 0.8239 (0.2836)  0.4948 (0.2325)
100 10 10 0.2552(0.1012)  0.5046 (0.3055)  0.5533 (0.1736)  0.3901 (0.1719)  0.6004 (0.1870)  0.4882 (0.2154)
100 20 20 0.1696 (0.0942)  0.2377 (0.1202)  0.3416 (0.1354)  0.1837 (0.0786)  0.3780 (0.1276)  0.4248 (0.1329)
200 3 3 0.4490 (0.2876)  7.5340 (28.9551)  1.8989 (0.6774)  1.1957 (2.3275)  1.3112(0.3870)  0.5562 (0.2709)
200 6 6 0.3305(0.5559)  1.6453(2.6825)  0.8008 (0.2395)  0.5699 (0.5154)  0.6995 (0.2131)  0.4275 (0.1294)
200 10 10 0.1437 (0.0786)  0.3183 (0.2444)  0.4693 (0.1466)  0.2592 (0.1423)  0.5038 (0.1827)  0.3925 (0.1400)
200 20 20  0.0929 (0.0515)  0.1572(0.0769)  0.2374 (0.0975)  0.1198 (0.0555)  0.2754 (0.1143)  0.2915 (0.0998)
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